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Devwudfw
Wklv sdshu vwxglhv wkh uroh ri prqh| lq dv|pphwulf grxeoh frlqflghqfh ri uhdo zdqwv hq0
ylurqphqwv zkhuh lq hdfk phhwlqj hdfk djhqw lv d frqvxphu ri wkh rwkhu djhqw*v surgxfwlrq1
Wudghuv zkr phhw dw udqgrp ￿qdqfh wkhlu sxufkdvhv wkurxjk fxuuhqw surgxfwlrq/ vdoh ri gl0
ylvleoh prqh|/ ru erwk1 Lw lv vkrzq wkdw lq wkh devhqfh ri ydoxhg prqh| li wudghuv kdyh
dv|pphwulf wdvwhv iru hdfk rwkhu*v jrrg/ wkh| surgxfh dqg h{fkdqjh vrfldoo| lqh!flhqw txdq0
wlwlhv1 Zlwk ydoxhg prqh|/ krzhyhu/ wudghuv h{fkdqjh h!flhqw txdqwlwlhv li wkh dv|pphwu| ri
wdvwhv lv qrw wrr odujh1 Lw lv dovr vkrzq wkdw whupv ri wudghv lq wkh prqhwdu| hfrqrp| duh
vwulfwo| ehwwhu wkdq wkrvh lq wkh fruuhvsrqglqj eduwhu hfrqrp|/ wkdw wkh Iulhgpdq uxoh krogv/
dqg wkdw wkh doorfdwlrq ri uhvrxufhv lq wkh prqhwdu| hfrqrp| frqyhujhv wr wkh doorfdwlrq lq
wkh eduwhu hfrqrp| dv wkh jurzwk udwh ri wkh prqh| vxsso| lv lqfuhdvhg1
Nh|zrugv= Prqh|/ Grxeoh Frlqflghqfh/ Edujdlqlqj/ Vhdufk1
MHO=H 3 3 /G ; 6 /H 8 5
WZh kdyh ehqh￿wwhg iurp wkh frpphqwv ri Huqvw Edowhqvshujhu/ Vlprq Orhuwvfkhu/ dqg iurp vhplqdu sduwlflsdqwv
dw wkh Xqlyhuvlwlhv ri Ehuq/ Odxvdqqh/ dqg Qlfh1 Zh sduwlfxoduo| wkdqn Vkrx|rqj Vkl iru klv yhu| khosixo vxjjhvwlrqv1
Wkh ￿uvw dxwkru judwhixoo| dfnqrzohgjhv ￿qdqfldo vxssruw iurp d judqw uhfhlyhg e| wkh Vzlvv Qdwlrqdo Vflhqfh
Irxqgdwlrq1
_Dgguhvv= Xqlyhuvlw| ri Ehuq/ Hfrqrplfv Ghsduwphqw/ Yhuhlqvzhj 56/ 6345 Ehuq/ Vzlw}huodqg1
H0pdlo= dohnvdqghu1ehuhqwvhqCyzl1xqleh1fk1
hDgguhvv= Xqlyhuvlw| ri Odxvdqqh/ KHF0GHHS/ EIVK4/ 4348 Odxvdqqh0Gruljq|/ Vzlw}huodqg1
H0pdlo= jxloodxph1urfkhwhdxCkhf1xqlo1fk
4Wkh qhhg iru wudghv wr eh ccedodqfhg** +vdwlvi| wkh txlg sur txr, dw hdfk
h{fkdqjh 111 frqiolfwv zlwk wkh srwhqwldo iru h{sorlwlqj doo wkh jdlqv
iurp wudgh1 Wkh uroh ri prqh| lv wr dwwhqxdwh wklv frqiolfw1
Rvwur| dqg Vwduu +4<<3/ s1 59,
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  	
Zlwk qr grxew/ prghov ri elodwhudo wudghv kdyh vkduso| lpsuryhg rxu xqghuvwdqglqj ri wkh qdwxuh
ri prqh|1 Wkh ￿uvw zdyh ri prghov ghyhorshg e| Rvwur| +4<:6,/ Vwduu +4<:5,/ dqg Rvwur| dqg
Vwduu +4<:7, irfxv rq wkh h{fkdqjh surfhvv zkhq elodwhudo wudghv duh vxemhfw wr d txlg sur txr +ru
elodwhudo exgjhw edodqfh, uhvwulfwlrq dqg zkhq sulfhv duh jlyhq dqg dvvxphg wr fohdu pdunhwv14
Lq d vhfrqg zdyh ri prghov/ Nl|rwdnl dqg Zuljkw +4<;</ 4<<4/ 4<<6, xvh udqgrp pdwfklqj wr
uhsuhvhqw wkh wlph0frqvxplqj wudglqj surfhvv/ wr vhh zkdw iulfwlrqv fdq pdnh prqhwdu| h{fkdqjh
dq htxloleulxp/ dqg wr ghwhuplqh hqgrjhqrxvo| zklfk remhfwv vhuyh dv phgld ri h{fkdqjh1
Lq erwk iudphzrunv wkh dxwkruv hvwdeolvk wkh zhoiduh0lpsurylqj uroh ri prqh|1 Wkh uhdvrq lv
vlplodu= Lq d eduwhu hfrqrp| wr ixo￿oo wkh txlg sur txr uhtxluhphqw/ jrrgv uhfhlyhg pxvw eh sdlg
iru e| d rssrvlwh gholyhu| ri jrrgv ri htxdo ydoxh1 Lq d prqhwdu| hfrqrp|/ krzhyhu/ wklv olqn lv
eurnhq ehfdxvh djhqwv fdq ￿qdqfh wkhlu sxufkdvhv wkurxjk prqhwdu| wudqvihuv1 Lq Nl|rwdnl dqg
Zuljkw +4<;</ 4<<4/ 4<<6, prqh| lpsuryhv zhoiduh e| lqfuhdvlqj wkh iuhtxhqf| ri wudghv= zlwk
prqh|/ surgxfwlrq dqg h{fkdqjh wdnh sodfh lq grxeoh dqg vlqjoh frlqflghqfh phhwlqjv/ zlwkrxw
prqh|/ lq grxeoh frlqflghqfh phhwlqjv rqo|1 Lq Rvwur| dqg Vwduu*v iudphzrun/ wkh ehqh￿w ri
prqh| lv wkdw lw vdyhv rq rujdql}dwlrqdo frpsoh{lw| +Rvwur| dqg Vwduu 4<:7, ru/ dowhuqdwlyho|/
wkdw lw vdyhv wudglqj wlph +Vwduu 4<:9,1
Lq wklv sdshu zh irfxv rq d gl￿huhqw zhoiduh0lpsurylqj uroh ri prqh| zklfk kdv ehhq odujho|
qhjohfwhg lq wkh olwhudwxuh1 Wkh ehqh￿w ri prqh| dulvhv ehfdxvh lw d￿hfwv wkh txdqwlwlhv wkdw duh
surgxfhg/ h{fkdqjhg/ dqg frqvxphg uhodwlyh wr zkdw wudghuv zrxog h{fkdqjh lq wkh vdph vlwxdwlrq
lq d eduwhu hfrqrp|1 Wr vwxg| wklv uroh/ zh exlog d vhdufk prgho zlwk shuihfwo| glylvleoh prqh|/
glylvleoh jrrgv/ dqg lglrv|qfudwlf suhihuhqfhv1 Djhqwv/ hqgrzhg zlwk prqh| dqg surgxfwlrq
rssruwxqlwlhv/ kdyh wkh fkrlfh wr ￿qdqfh wkhlu frqvxpswlrq wkurxjk fxuuhqw surgxfwlrq/ vdoh ri
prqh|/ ru erwk15 Whupv ri wudghv duh hqgrjhqrxv dqg duh ghwhuplqhg lq elodwhudo edujdlqlqj16
4Txlg sur txr uhtxluhv wkdw lq dq| wudgh wkh ydoxh ri wkh jrrgv gholyhuhg e| d wudghu pxvw htxdo wkh ydoxh ri wkh
jrrgv kh uhfhlyhv1 Wkh ruljlq ri wkh txlg sur txr uhvwulfwlrq lv wkdw wudghv pxvw eh edvhg rq pxwxdoo| djuhhphqwv=
d wudgh lv qhlwkhu d wkhiw qru d jliw1 Txlg sur txr lv pruh uhvwulfwlyh wkdq dq lqwhuwhpsrudo exgjhw frqvwudlqw rq
wkh hqwluh vhtxhqfh ri wudghv1
5Wklv fkrlfh/ zlwk wkh h{fhswlrq ri Hqjlqhhu dqg Vkl +4<<;, dqg Odlqj hw do1 +5333,/ kdv qrw ehhq dydlodeoh
lq suhylrxv vhdufk prghov ri prqh|1 Udwkhu/ lq wkhvh prghov ex|huv h{fkdqjh prqh| iru frqvxpswlrq jrrgv dqg
vhoohuv fdq rqo| eduwhu zlwk rwkhu vhoohuv1
6Wklv lv d qdwxudo h{whqvlrq ri zkdw Rvwur| dqg Vwduu kdg lq plqg zkhq wkh| lpsrvhg wkh txlg sur txr
uhvwulfwlrq lq elodwhudo wudgh1 Vhh Vwduu +4<;</ s1 446, zkr dujxhv wkdw ￿d elodwhudo wudglqj surfhgxuh vkrxog pdnh
vhqvh lq whupv ri uhsuhvhqwlqj rswlpl}lqj ehkdylru ri wkh djhqw dw hdfk vwdjh ri wkh wudglqj surfhvv dv zhoo dv dw
5Wr vwxg| wklv qhjohfwhg uroh ri prqh| zh gholehudwho| h{foxgh wkh iuhtxhqf| h￿hfw ri prqh|
dv lw dsshduv lq Nl|rwdnl dqg Zuljkw +4<<4/ 4<<6, e| frqvlghulqj d grxeoh frlqflghqfh ri uhdo
zdqwv hqylurqphqwv zkhuh lq hdfk elodwhudo phhwlqj hdfk djhqw lv d frqvxphu ri wkh rwkhu djhqw*v
surgxfwlrq1 Frqvhtxhqwo|/ prqh| fdqqrw vshhg xs wudghv/ udwkhu lw doorzv djhqwv wr wudgh vrfldoo|
h!flhqw txdqwlwlhv lq wkh vhqvh wkdw wkh| htxdo wkh vroxwlrq wr d vrfldo sodqqhu*v sureohp1
Wkh nh| uhvxow ri wkh prgho lv wkdw lq d prqhwdu| hfrqrp| wkh whupv ri wudgh lq doo pdwfkhv duh
vwulfwo| ehwwhu uhodwlyh wr wkh whupv ri wudgh wkdw wkh wudghuv zrxog dwwdlq lq wkh fruuhvsrqglqj
eduwhu hfrqrp|1 Wr h{sodlq zk| prqh| lpsuryhv wkh whupv ri wudgh/ frqvlghu wkh edujdlqlqj
ehwzhhq wzr djhqwv zkhuh hdfk djhqw jhwv xwlolw| iurp frqvxplqj klv sduwqhu*v surgxfwlrq jrrg1
Zlwkrxw prqh|/ wkh| edujdlq ryhu wkh txdqwlwlhv wkdw duh surgxfhg/ frqvxphg/ dqg h{fkdqjhg1
Wkh h{fkdqjhg txdqwlwlhv vlpxowdqhrxvo| ghwhuplqh wkh wrwdo vxusoxv ri wkh pdwfk dqg krz wkh
wudghuv vsolw wklv vxusoxv1 Ehfdxvh djhqwv fdqqrw ghwhuplqh lqghshqghqwo| wkh vl}h ri wkh vxusoxv
dqg lwv vsolw/ dqg ehfdxvh hdfk djhqw rqo| fduhv derxw lwv rzq vxusoxv/ wudghuv zlwk dv|pphwulf
suhihuhqfhv dwwdlq d edujdlqlqj vroxwlrq wkdw grhv qrw pd{lpl}h wkh wrwdo vxusoxv ri wkh pdwfk1
Zlwk prqh|/ djhqwv edujdlq ryhu wkh txdqwlwlhv dqg ryhu d prqhwdu| wudqvihu1 Prqh| lpsuryhv
wkh whupv ri wudghv ehfdxvh lw wudqvirupv d edujdlqlqj jdph zlwkrxw wudqvihudeoh xwlolw| lqwr d
jdph zlwk wudqvihudeoh xwlolw|1 Zh/ wkhuhiruh/ frqvlghu xwlolw| wudqvihu dv dq lpsruwdqw ixqfwlrq
ri prqh|17 Lq rughu wr ixo￿oo wklv ixqfwlrq +l, prqh| pxvw eh glylvleoh dqg +ll, lw pxvw eh htxdoo|
ydoxhg e| doo djhqwv81 Frqvhtxhqwo|/ d prqhwdu| wudqvihu grhv qrw d￿hfw wkh vl}h ri wkh wrwdo
vxusoxv ri d pdwfk ehfdxvh fkdqjhv lq wkh sd|r￿v fdqfho hdfk rwkhu1 Wklv doorzv wudghuv wr
vhsdudwh wkh ghflvlrqv ri krz pxfk wr surgxfh dqg krz wr vsolw wkh uhvxowlqj wrwdo vxusoxv1 Lq
frqwudvw/ uhdo surgxfwlrq lv dq lpshuihfw ghylfh wr wudqvihu xwlolw| ehfdxvh pdujlqdo xwlolw| iru
wkh frqvxphu dqg pdujlqdo frvw ri wkh surgxfhu ydu| zlwk wkh txdqwlw| surgxfhg dqg h{fkdqjhg
dqg/ lq jhqhudo/ gr qrw frlqflgh1 Frqvhtxhqwo|/ dq h{fkdqjh ri uhdo frpprglwlhv grhv qrw d￿hfw
wkh sd|r￿v v|pphwulfdoo| dqg/ wkhuhiruh/ d￿hfwv wkh wrwdo vxusoxv ri wkh pdwfk1
D qhfhvvdu| frqglwlrq iru eduwhu wudghv wr eh lqh!flhqw dqg iru prqhwdu| h{fkdqjh wr lpsuryh
wkh whupv ri wudgh duh dv|pphwulf pdwfkhv1 Zh lqwurgxfh dv|pphwulf suhihuhqfhv e| dvvxplqj
wkdw zkhq wzr djhqwv/ vd| l dqg m/ phhw/ suhihuhqfhv iru hdfk rwkhu*v surgxfwlrq jrrg duh uhs0
uhvhqwhg e| wzr udqgrp yduldeohv %￿ dqg %￿ zkhuh %￿ phdvxuhv krz pxfk djhqw l olnhv djhqw m*v
jrrg dqg %￿ phdvxuhv krz pxfk m olnhv l*v jrrg1 Li %￿ A% ￿/ djhqw l ydoxhv djhqw m*v rxwsxw pruh
wkh hqgsrlqw1 Wklv uhvxowv lq d vwudwhjlf irxqgdwlrq iru wkh exgjhw edodqfh ru txlg sur txr frqvwudlqw1￿ Lq vhdufk
prghov ri prqh|/ vwudwhjlf edujdlqlqj kdv ehhq lqwurgxfhg e| Vkl +4<<8, dqg Wuhmrv dqg Zuljkw +4<<8,1
7D edujdlqlqj jdph lv d jdph zlwk wudqvihudeoh xwlolw| li wkhuh lv d ghylfh wkdw doorzv sod|huv wr vlpxowdqhrxvo|
ghfuhdvh wkhlu rzq xwlolw| sd|r￿ dqg lqfuhdvh wkh rqh ri wkhlu sduwqhu e| wkh vdph dprxqw1 D wzr0shuvrq edujdlqlqj
jdph zlwk wudqvihudeoh xwlolw| fdq eh ixoo| fkdudfwhul}hg e| wkh glvdjuhhphqw sd|r￿v ri wkh wzr sod|huv dqg e| wkh
wrwdo wudqvihudeoh zhdowk dydlodeoh wr wkh sod|huv +P|huvrq/ 4<<4/ ss16;706;8,1 Qrwh wkdw prqh| wudqvihuv lqgluhfw
xwlolw| ehfdxvh prqh| grhv qrw jhqhudwh gluhfw xwlolw| lq rxu prgho= lw lv d fodlp wr ixwxuh frqvxpswlrq1
8Ehfdxvh djhqwv kdyh lglrv|qfudwlf suhihuhqfhv/ prqh| lv wkh rqo| jrrg wr eh lghqwlfdoo| ydoxhg e| doo djhqwv1
Wklv fkdudfwhulvwlf lv uhodwhg wr Zlooldpvrq dqg Zuljkw*v +4<<7, ￿qglqj dffruglqj wr zklfk wkh ehqh￿w ri prqh|
dulvhv ehfdxvh/ frqwudu| wr uhdo frpprglwlhv/ lwv txdolw| fdq eh uhfrjql}hg e| hyhu|rqh1
6wkdq m ydoxhv l*v rxwsxw zkhq wkh vdph txdqwlwlhv duh h{fkdqjhg1
Lq d eduwhu hfrqrp|/ h!flhqf| lv dwwdlqhg lq v|pphwulf pdwfkhv rqo|/ l1h1/ li %￿ @ %￿1L q
dv|pphwulf pdwfkhv/ krzhyhu/ djhqwv surgxfh dqg h{fkdqjh lqh!flhqw txdqwlwlhv dqg wkh ghjuhh
ri lqh!flhqf| lqfuhdvhv lq wkh ghjuhh ri dv|pphwu|1 Wr vhh zk| eduwhulqj ehwzhhq dv|pphwulf
wudghuv lv lqh!flhqw dvvxph wkdw %￿ A% ￿1 Iurp d vrfldo srlqw ri ylhz/ djhqw m vkrxog surgxfh
d odujhu txdqwlw| wkdq djhqw l1 Wkxv/ h!flhqf| uhtxluhv wkdw zkloh djhqw l uhfhlyhv d orw dqg
surgxfhv olwwoh/ djhqw m uhfhlyhv olwwoh dqg surgxfhv d orw1 Lq d ghfhqwudol}hg hqylurqphqw/ zlwkrxw
frpshqvdwlrq/ djhqw m zloo qrw djuhh wr vxfk dq duudqjhphqw= wkh txlg sur txr uhvwulfwlrq lv qrw
ixo￿oohg1 Udwkhu/ wkh edujdlqlqj zloo uhvxow lq lqh!flhqw txdqwlwlhv surgxfhg dqg h{fkdqjhg19
Lq frqwudvw wr wkh eduwhu hfrqrp|/ lq d prqhwdu| hfrqrp| h!flhqf| lv dovr dwwdlqhg lq dv|p0
phwulf pdwfkhv li wkh dv|pphwu|/ zklfk zh phdvxuh e| vrph glvwdqfh ixqfwlrq G+%￿>% ￿,/ lv vpdoohu
wkdq wkh uhdo ydoxh ri prqh| kroglqjv1 Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw/ lq frqwudvw wr
wkh eduwhu hfrqrp|/ djhqw m zloo djuhh wr surgxfh dqg h{fkdqjh h!flhqw txdqwlwlhv li djhqw l lv
deoh wr frpshqvdwh klp e| wudqvihuulqj fodlpv wr ixwxuh frqvxpswlrq +prqh|,1 Li l*v frqvwudlqw
rq prqh| kroglqj lv qrw elqglqj/ kh lv deoh wr gr vr dqg l dqg m surgxfh dqg h{fkdqjh h!flhqw
txdqwlwlhv1 Li qrw/ wkh edujdlqlqj zloo uhvxow lq lqh!flhqw txdqwlwlhv surgxfhg dqg h{fkdqjhg1
Iljxuh 4= H!flhqw dqg lqh!flhqw wudghv zlwk dqg zlwkrxw prqh|1
Iljxuh 4 glvsod|v uhjlrqv zlwk h!flhqw dqg lqh!flhqw wudghv zlwk dqg zlwkrxw prqh| iru doo
9Wklv dujxphqw lv fohdu lq wkh devhqfh ri grxeoh0frlqflghqfh ri zdqwv1 Wkhq 0￿ : f dqg 0￿ ’fdqg h!flhqf|
uhtxluhv wkdw djhqw ￿ surgxfhv d srvlwlyh txdqwlw| dqg uhfhlyhv qrwklqj1
7pdwfk w|shv/ l1h1/ uhdol}dwlrqv ri wkh udqgrp yduldeohv %￿ dqg %￿1 Zlwk prqh|/ wkh txdqwlwlhv
h{fkdqjhg duh lqh!flhqw +h!flhqw, iru doo % @+ %￿>% ￿, lq wkh vkdghg +qrqvkdghg, uhjlrq ￿ Vhh
Iljxuh 4e1 Zlwkrxw prqh|/ wkh| duh h!flhqw rq wkh 780ghjuhh olqh dqg lqh!flhqw iru doo rwkhu
% ￿ Vhh Iljxuh 4d1 Lw lv hylghqw wkdw wkh iudfwlrq ri h!flhqw wudghv lv odujhu lq wkh prqhwdu|
hfrqrp|1 Pruhryhu/ wkh ghjuhh ri lqh!flhqf| +zhoiduh orvv, lq dq| ri wkh pdwfkhv lq wkh juh| duhd
ri wkh prqhwdu| hfrqrp| lv vwulfwo| vpdoohu wkdq wkh ghjuhh ri lqh!flhqf| ri wkh fruuhvsrqglqj
pdwfk lq wkh eduwhu hfrqrp|1
Zh dovr vkrz wkdw orzhulqj wkh lq dwlrq udwh lqfuhdvhv wkh uhdo ydoxh ri prqh|/ zklfk uhgxfhv
wkh vhw ri pdwfkhv zlwk lqh!flhqw h{fkdqjhv1 Lq Iljxuh 4e wkh vkdghg uhjlrq ri lqh!flhqw wudghv
vkulqnv1 Pruhryhu/ zh ￿qg wkdw wkh Iulhgpdq uxoh krogv/ l1h1/ zkhq wkh jurvv jurzwk udwh ri prqh|
dssurdfkhv wkh glvfrxqw idfwru/ wkh vhw ri lqh!flhqw wudghv ydqlvkhv1 Lq frqwudvw/ wkh doorfdwlrq ri
uhvrxufhv lq wkh prqhwdu| hfrqrp| frqyhujhv judgxdoo| wr wkh doorfdwlrq lq wkh eduwhu hfrqrp|
dv wkh h{sdqvlrq ri wkh prqh| vxsso| lv lqfuhdvhg1
Iljxuh 4 lv dovr xvhixo iru d frpsdulvrq ri rxu prgho wr wkh suhylrxv vhdufk dqg prqh| prghov1
Lq wklv olwhudwxuh wkhuh duh rqo| irxu w|shv ri phhwlqj uhsuhvhqwhg e| wkh fruqhuv ri Iljxuh 4/ zklfk
duh ghqrwhg e| D/ E/ F/ dqg G1 Lq E dqg G zh kdyh vlqjoh frlqflghqfh phhwlqjv/ lq F v|pphwulf
grxeoh frlqflghqfh phhwlqjv/ dqg D qr frlqflghqfh phhwlqjv1 Lq wklv olwhudwxuh/ wudghuv dwwdlq
wkh h!flhqw rxwfrph zkhq wkh| eduwhu +srlqw G,/ dqg wkh| h{fkdqjhg lqh!flhqw txdqwlwlhv zkhq
wkh| wudgh prqh| iru jrrgv +srlqw E dqg F,1 Wklv vxjjhvwv ￿ dqg Iljxuh 4 vkrzv wkdw wklv lv qrw
wuxh ￿ wkdw prqh| lqwurgxfhv lqh!flhqflhv lqwr wkh edujdlqlqj wkdw duh qrw suhvhqw lq d eduwhu
hfrqrp|1
 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Wkh sdshuv prvw forvho| uhodwhg wr rxu zrun duh Hqjlqhhu dqg Vkl +4<<;/ 5333, dqg Odlqj hw
do1 +5333,1 Lq Hqjlqhhu dqg Vkl +4<<;/ 5333, prqh| fdq dovr eh zhoiduh lpsurylqj lq d grxeoh
frlqflghqfh ri zdqwv hqylurqphqw1 Hqjlqhhu dqg Vkl +4<<;, frqvlghu d udqgrp pdwfklqj prgho
zlwk lqglylvleoh jrrgv dqg lqglylvleoh prqh|1 Wkhuh duh orz dqg kljk ydoxdwlrq jrrgv dqg glylvleoh
vhuylfh vlghsd|phqwv wkdw doorz djhqwv wr edujdlq derxw wkh dprxqw ri wkhvh vhuylfhv wkdw hdfk
djhqw surgxfhv iru wkh rwkhu djhqw lq dv|pphwulf pdwfkhv1 E| dvvxpswlrq pdujlqdo frvw ri wkhvh
vlghsd|phqwv lv odujhu wkdq wkhlu pdujlqdo xwlolw|1 Frqvhtxhqwo|/ surgxfwlrq ri vlghsd|phqwv lv d
vrfldo zdvwh1 Wkh zhoiduh lpsurylqj uroh ri prqh| frphv iurp lwv delolw| wr uhgxfh wkh surgxfwlrq
ri wkhvh vlghsd|phqwv1
Lq frqwudvw wr Hqjlqhhu dqg Vkl +4<<;,/ zh frqvlghu d prgho zlwk glylvleoh jrrgv dqg glylvleoh
prqh| dqg zlwk d frqwlqxxp ri pdwfk w|shv1 Wkhuh duh qr vlghsd|phqwv/ udwkhu pdwfkhg djhqw
edujdlq derxw wkh dprxqw ri jrrgv dqg prqh| wr eh h{fkdqjhg1 Wkhuh duh pruh gl￿huhqfhv1
Iluvw/ lq frqwudvw wr wkhlu sdshu/ zh kdyh d xqltxh prqhwdu| htxloleulxp +dqg d xqltxh eduwhu
htxloleulxp,1 Vhfrqg/ wkh eduwhu hfrqrp| lv jhqhulfdoo| lqh!flhqw1 Lq wkhlu prgho/ wkh eduwhu
hfrqrp| lv lqh!flhqw l￿ wkh edujdlqlqj srzhu ri wkh vhoohu lv hlwkhu odujh ru vpdoo1 Wklug/ lq wkhlu
8prgho/ lqh!flhqf| dulvhv ehfdxvh djhqwv eduwhu wrr pxfk1 Lq rxu prgho/ lq doo eduwhu wudghv/
zkloh wkh surgxfwlrq ri wkh pruh ydoxhg jrrg lv wrr orz/ surgxfwlrq ri wkh ohvv ydoxhg jrrg lv
wrr odujh1 Irxuwk/ lqfuhdvlqj wkh uhdo vwrfn ri prqh| xqdpeljxrxvo| lpsuryhv zhoiduh1
Hqjlqhhu dqg Vkl +5333, h{whqgv wkhlu suhylrxv dqdo|vlv e| frqvlghulqj d glylvleoh jrrgv prgho
zkhuh djhqwv kdyh v|pphwulf suhihuhqfhv iru hdfk rwkhu*v jrrgv1 Lqh!flhqw eduwhulqj lv d uhvxow ri
dv|pphwulf edujdlqlqj zhljkwv1 Xqolnh Hqjlqhhu dqg Vkl +5333,/ zh frqvlghu v|pphwulf edujdlq0
lqj ehwzhhq djhqwv wkdw kdyh dv|pphwulf suhihuhqfhv iru hdfk rwkhu*v jrrg dqg wkh edujdlqlqj lv
ghvfulehg e| d vwudwhjlf jdph udwkhu wkdq dq d{lrpdwlf vroxwlrq1 Pruhryhu/ prqh| lv shuihfwo|
glylvleoh ehfdxvh wkh lqglylvlelolw| ri prqh| lqwurgxfhv lwv rzq lqh!flhqflhv lqwr wkh edujdlqlqj
+Ehuhqwvhq dqg Urfkhwhdx 5333,1
Odlqj hw do1 +5333, frqvlghu d glylvleoh prqh| dqg glylvleoh jrrgv prgho lq d prqrsrolvwlf
frpshwlwlrq vhwxs1 Wkh| glvwlqjxlvk ￿upv dqg krxvhkrogv/ dqg sulfhv duh srvwhg e| ￿upv1 Dv lq
rxu prgho/ lq grxeoh frlqflghqfh phhwlqjv djhqwv kdyh wkh fkrlfh wr ￿qdqfh wkhlu frqvxpswlrq
hlwkhu wkurxjk prqh|/ uhdo frpprglwlhv/ ru erwk1 Lq frqwudvw wr rxu prgho/ lq htxloleulxp djhqwv
rqo| xvh rqh phwkrg wr ￿qdqfh wkhlu sxufkdvhv1:
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh suhvhqw wkh hqylurqphqw1 Lq Vhfwlrq 6 zh
ghulyh dqg fkdudfwhul}h wkh eduwhu htxloleulxp dqg lq Vhfwlrq 7 wkh prqhwdu| htxloleulxp1 Vhfwlrq
8 frqwdlqv d glvfxvvlrq ri wkh uhvxowv dqg Vhfwlrq 9 frqfoxghv1
:Lq wkhlu sxuh prqhwdu| htxloleulxp djhqwv dozd|v sd| zlwk prqh|1 Lq wkhlu pl{hg wudglqj htxloleulxp/ wkh|
sd| zlwk jrrgv lq grxeoh frlqflghqfh phhwlqjv dqg zlwk prqh| lq vlqjoh frlqflghqfh phhwlqjv1
9  			
Zh frqvlghu d udqgrp0pdwfklqj prgho zlwk glylvleoh jrrgv dqg glylvleoh prqh| dorqj wkh olqhv
ri Vkl +4<<<,1 Wkh hfrqrp| lv srsxodwhg zlwk d odujh qxpehu ri krxvhkrogv hdfk frqvlvwlqj
ri d frqwlqxxp ri phpehuv ri phdvxuh rqh wkdw uhjdug wkh krxvhkrog*v xwlolw| dv wkh frpprq
remhfwlyh1 Lq wkh pdunhw/ krxvhkrog phpehuv dwwhpsw wr h{fkdqjh prqh| ru wkhlu surgxfwlrq
jrrg iru frqvxpswlrq jrrgv1 Lq wklv dwwhpsw krxvhkrog phpehuv iroorz wkh vwudwhj| wkdw kdv
ehhq jlyhq wr wkhp e| wkhlu krxvhkrogv1 Lq vrph vhqvh/ krxvhkrog phpehuv ehkdyh dv dxwrpdwrq
wkdw mxvw h{hfxwh krxvhkrog vwudwhjlhv1;
Dowkrxjk krxvhkrogv gl￿hu lq wkhlu suhihuhqfhv dqg surgxfwlrq rssruwxqlwlhv/ wkh| doo frq0
vxph dqg surgxfh wkh vdph txdqwlwlhv vr wkdw hdfk krxvhkrog dqg hdfk jrrg fdq eh wuhdwhg
v|pphwulfdoo|1 Lq wkh iroorzlqj zh uhihu wr dq duelwudu| krxvhkrog dv krxvhkrog k1 Ghflvlrq ydul0
deohv ri wklv krxvhkrog duh ghqrwhg e| orzhu0fdvh yduldeohv1 Fdslwdo0fdvh yduldeohv ghqrwh rwkhu
krxvhkrogv* yduldeohv/ zklfk duh wdnhq dv jlyhq e| wkh uhsuhvhqwdwlyh krxvhkrog k1 Ixuwkhupruh/
yduldeohv fruuhvsrqglqj wr wkh qh{w shulrg duh lqgh{hg e| .41
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Wkh hfrqrp| frqvlvwv ri d frqwlqxxp ri lq￿qlwho|0olyhg krxvhkrogv dqg d frqwlqxxp ri jrrgv
zklfk duh uhsuhvhqwhg e| srlqwv rq wkh vdph flufoh ri flufxpihuhqfh 5 ghqrwhg e| F1 Hdfk
krxvhkrog lv frpsrvhg ri d frqwlqxxp ri phpehuv zkr vkduh wkh vdph whfkqrorj| dqg kdyh wkh
vdph suhihuhqfhv1 Krxvhkrogv duh vshfldol}hg lq erwk frqvxpswlrq dqg surgxfwlrq1 Krxvhkrog
k 5Fkdv wkh whfkqrorj| wr surgxfh jrrg k1 Surgxflqj t xqlwv ri d jrrg |lhogv glvxwlolw| f^t‘ @ t1
Jrrgv fdqqrw eh vwruhg dqg surgxfwlrq lv lqvwdqwdqhrxv1 Krxvhkrog phpehuv ghulyh xwlolw| iurp
frqvxplqj doo jrrgv rwkhu wkdq wkhlu surgxfwlrq jrrg1 Wkh prvw suhihuuhg jrrg ri krxvhkrog
k lv kW fkrvhq dw udqgrp iurp F1 Li zh gudz dw udqgrp d frpprglw| n iurp F/ wkh ohqjwk o ri
wkh duf ehwzhhq n dqg kW lv xqlirupo| glvwulexwhg rq ^3>4‘1 Wkh ixqfwlrq pdsslqj wkh glvwdqfh
ehwzhhq wkh jrrg wkdw lv frqvxphg dqg wkh prvw suhihuuhg jrrg/ o/ dqg wkh txdqwlw| frqvxphg/
t/ lqwr xwlolw| lv frqwlqxrxv lq erwk dujxphqwv/ qrq0lqfuhdvlqj lq o/ dqg lqfuhdvlqj lq t1 Zh dgrsw
wkh iroorzlqj ixqfwlrq=<
X+o>t, @ %+o,x+t,1
Wkh ixqfwlrq %+o, lv ghfuhdvlqj dqg wzlfh gl￿huhqwldeoh dqg vdwlv￿hv %+3, @ %t￿T dqg %+4, @3 1
Wkh xwlolw| dvvrfldwhg zlwk wkh frqvxpswlrq ri t xqlwv ri wkh prvw suhihuuhg jrrg lv %t￿Tx+t,
;E| dgrswlqj Vkl*v +4<<:/ 4<<;/ 4<<<, ghylfh/ zh dyrlg qrqghjhqhudwh glvwulexwlrqv ri prqh| kroglqjv wkdw
duh gl!fxow wr frqwuro1 Zlwk wklv ghylfh/ lglrv|qfudwlf ulvnv ri krxvhkrog phpehuv duh vprrwkhg rxw zlwklq hdfk
krxvhkrog1 Wklv idflolwdwhv wkh dqdo|vlv ehfdxvh zh fdq irfxv rq d uhsuhvhqwdwlyh krxvhkrog1






Y^5 ￿ f/d q g
Y5LE,c^￿
Y^Y, ￿ f1
:zkhuhdv wkh xwlolw| ri frqvxpswlrq ri wkh zruvw jrrg lv }hur1 Ixuwkhupruh/ zh dvvxph wkdw x lv
lqfuhdvlqj dqg wzlfh gl￿huhqwldeoh/ dqg vdwlv￿hv x^3‘ @ 3/ x￿￿ ? 3/d q gx￿ ^3‘ @ 41 Wkh suredelolw|





@4￿ %3￿+{, ￿ I+{,>
zkhuh I+=, lv d fxpxodwlyh glvwulexwlrq zlwk vxssruw ^3>% t￿T‘ dqg ghqvlw| i1
Ilqdoo|/ wkh xwlolw| ri d krxvhkrog lq rqh shulrg lv wkh vxp ri wkh frqvxpswlrq xwlolwlhv ri lwv
phpehuv plqxv wkhlu glvxwlolwlhv ri surgxfwlrq1 Wkh glvfrxqw idfwru lv ￿ 5 +3>4,1
 	 	 	

Wlph lv glvfuhwh1 Lq hdfk shulrg/ krxvhkrog phpehuv phhw sdluzlvh dqg dw udqgrp1 Zh qrupdol}h
wkh ohqjwk ri wlph ri d shulrg vxfk wkdw lq hdfk shulrg hdfk krxvhkrog phpehu phhwv dqrwkhu
phpehu1 Rxu dvvxpswlrqv derxw whfkqrorj| dqg suhihuhqfhv lpso| wkdw lq hdfk pdwfk wkhuh lv
d grxeoh0frlqflghqfh ri uhdo zdqwv/ l1h1/ hdfk krxvhkrog lv d frqvxphu ri wkh rwkhu krxvhkrog*v
surgxfwlrq jrrg143 Lq jhqhudo/ krzhyhu/ djhqwv* suhihuhqfhv iru rwkhu djhqwv* jrrgv lq d pdwfk
duh qrw v|pphwulf1 Iru dq djhqw l pdwfkhg zlwk dq djhqw m wkh w|sh ri wkh pdwfk lv jlyhq e| wkh
sdlu +%￿>% ￿, 5 ^3>% t￿T‘ ￿ ^3>% t￿T‘1I u r pw k hs r l q wr iy l h zr id j h q wl*v sduwqhu/ wkh pdwfk w|sh lv
+%￿>% ￿,1 Jhqhulfdoo|/ +%￿>% ￿, 9@ +%￿>% ￿,1 Lq wkh iroorzlqj/ zh dgrsw wkh iroorzlqj qrwdwlrq1 Iru doo
% @ +%￿>% ￿,/ %￿ @ +%￿>% ￿,1 Wkxv/ li % ghvfulehv wkh pdwfk w|sh iurp wkh srlqw ri ylhz ri djhqw l/ %￿
ghvfulehg wkh pdwfk w|sh iurp wkh srlqw ri ylhz ri djhqw m1 Iru dq| lqglylgxdo/ wkh glvwulexwlrq
ri wkh pdwfkhv fdq eh ghvfulehg e| wkh phdvxuh ￿ gh￿qhg dv iroorzv=






zkhuh 4￿+{>|, lv dq lqglfdwru ixqfwlrq wkdw lv htxdo wr rqh li +{>|, 5 D dqg }hur rwkhuzlvh1
Lq wkh prqhwdu| hfrqrp|/ lq dgglwlrq wr wkh frqvxpswlrq jrrgv/ wkhuh lv dovr dq lqwulqvlfdoo|
zruwkohvv/ vwrudeoh/ dqg ixoo| glylvleoh remhfw fdoohg ￿dw prqh|1 Dw wkh ehjlqqlqj ri hdfk shulrg/
hdfk krxvhkrog kdv p xqlwv ri prqh|1 Wkh krxvhkrogv glylgh hyhqo| wkh prqh| vwrfn dprqj lwv
phpehuv vr wkdw hdfk phpehu krogv p xqlwv ri prqh| lq d pdwfk1 Diwhu wklv/ krxvhkrog phpehuv
duh pdwfkhg dqg fduu| rxw wkhlu h{fkdqjhv dffruglqj wr wkh suhvfulehg vwudwhjlhv1 Zlwklq d
shulrg/ d phpehu ri wkh krxvhkrog fdqqrw wudqvihu prqh| edodqfhv wr dqrwkhu phpehu ri wkh
vdph krxvhkrog1 Wkhuhdiwhu/ phpehuv eulqj edfn wkhlu uhfhlswv ri prqh| dqg hdfk djhqw frqvxphv
wkh jrrgv kh kdv erxjkw1 Dw wkh hqg ri d shulrg/ wkh krxvhkrog uhfhlyhv prqh| wudqvihu ￿/ zklfk
lv shufhlyhg dv oxps0vxp dqg fdq eh qhjdwlyh/ dqg wkhq fduulhv wkh vwrfn pn￿ wr w .4 1
43Lq idfw/ wkhuh duh vlqjoh0frlqflghqfh phhwlqjv +dorqj wkh vhjphqwv o￿￿o dqg o￿(o lq Iljxuh 4,1 Wkh phdvxuh
ri vlqjoh0frlqflghqfh phhwlqjv/ krzhyhu/ lv }hur1
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Wkh whupv ri wudghv duh ghwhuplqhg wkurxjk edujdlqlqj jdphv zlwk dowhuqdwlqj r￿huv +Uxelqvwhlq/
4<;5,1 Wzr lpsruwdqw ihdwxuhv ri wkh edujdlqlqj duh wkdw +l, edujdlqlqj vwudwhjlhv duh ghwhuplqhg
dw wkh krxvhkrog ohyho exw duh fduulhg rxw e| krxvhkrog phpehuv/ dqg +ll, krxvhkrog phpehuv
revhuyh wkh pdwfk w|sh exw fdqqrw revhuyh wkh pdujlqdo ydoxh ri prqh| dqg wkh ohyho ri prqh|
kroglqjv ri wkhlu wudglqj sduwqhuv1 Ehfdxvh ri +ll, krxvhkrogv* vwudwhjlhv ghshqg rq wkh pdwfk w|sh
dqg rq wkh glvwulexwlrq ri wkhlu srwhqwldo edujdlqlqj sduwqhuv* fkdudfwhulvwlfv1 Lq htxloleulxp/ wklv
glvwulexwlrq lv ghjhqhudwhg= doo krxvhkrogv kdyh wkh vdph pdujlqdo xwlolw| ri prqh| dqg krog wkh
vdph txdqwlw| ri prqh|1 Ehfdxvh ri +l, dq| vwudwhj| dlplqj wr uhyhdo rqhv wuxh fkdudfwhulvwlfv +li
gl￿huhqw wkdq wkh dyhudjh, lv lqh￿hfwlyh ehfdxvh wkh edujdlqlqj sduwqhu frpplwv wr wkh edujdlqlqj
vwudwhj| fkrvhq e| lwv krxvhkrog144
Lq wkh iroorzlqj zh frqvlghu wkh edujdlqlqj ehwzhhq djhqw l ri krxvhkrog k dqg djhqw m iurp
dq| rwkhu krxvhkrog1 Wkh edujdlqlqj surfhhgv dv iroorzv1 Hdfk shulrg lv glylghg lqwr dq lq￿qlwh
qxpehu ri vxeshulrgv ri ohqjwk ￿1 Li/ lq d jlyhq vxeshulrg/ lw lv djhqw l*v wxuq wr pdnh dq r￿hu
dqg djhqw m uhmhfwv wkh r￿hu/ lq wkh iroorzlqj vxeshulrg lw lv djhqw m*v wxuq wr pdnh d frxqwhur￿hu1
Li dq r￿hu lv uhixvhg/ wkh qhjrwldwlrq euhdnv grzq zlwk suredelolw| ￿￿ +￿A3,1 Wkh srvvlelolw| ri
dq h{rjhqrxv euhdn0grzq ri wkh qhjrwldwlrq jlyhv dq lqfhqwlyh wr wudghuv wr djuhh lpphgldwho|145
Lq wkh dowhuqdwlqj r￿hu jdph/ r￿huv dqg frxqwhur￿huv frqyhujh wr wkh vdph olplwlqj sursrvdo
zkhq ￿ jrhv wr }hur1 Frqvhtxhqwo|/ wkh ￿uvw0pryhu dgydqwdjh ydqlvkhv zkhq ￿ jrhv wr }hur146
Ehfdxvh ri wklv dqg ehfdxvh/ dv zh zloo vhh/ lw idflolwdwhv wkh ghulydwlrq ri wkh g|qdplf htxdwlrq
ghvfulelqj wkh pdujlqdo xwlolw| ri prqh|/ zh ohw phpehuv ri krxvhkrog k pdnh wkh ￿uvw r￿hu lq
doo phhwlqjv1 Lq htxloleulxp doo krxvhkrogv kdyh wkh vdph fkdudfwhulvwlfv= dv d frqvhtxhqfh/ ￿uvw
r￿huv ri k duh dozd|v dffhswhg1 Pruhryhu/ ehfdxvh wkh ohqjwk ri wlph ehwzhhq wzr frqvhfxwlyh
r￿huv lv lq￿qlwhvlpdo/ wkhvh ￿uvw r￿huv duh h{dfwo| wkh frxqwhur￿huv wkdw zrxog kdyh ehhq pdgh
e| k*v sduwqhuv1
Lq wkh iroorzlqj/ zh zloo frqvlghu d eduwhu hfrqrp| dqg d prqhwdu| hfrqrp|1 Lq d eduwhu
hfrqrp|/ djhqw l dqg m edujdlq ryhu wkh txdqwlwlhv tK
0 dqg tr
0 wkdw duh surgxfhg/ frqvxphg/ dqg
h{fkdqjhg zkhuh djhqw m +l, surgxfhv frpprglw| tK
0+tr
0, dqg frqvxphv frpprglw| tr
0+tK
0,1 Wkh
vxevfulsw % lqglfdwhv wkdw wkh edujdlqlqj vroxwlrq zloo ghshqg rq wkh w|sh ri pdwfk1 Lq d prqhwdu|
hfrqrp|/ wkh| dovr edujdlq ryhu d prqhwdu| wudqvihu {0 zkhuh {0 A 3 phdqv wkdw djhqw l wudqvihuv
{0 xqlwv ri prqh| wr djhqw m1
44Wklv sulflqj surfhgxuh lv gl￿huhqw wr wkh rqh dvvxphg e| Udxfk +5333, zkhuh wkh edujdlqlqj vwudwhj| lv
ghwhuplqhg dw wkh ohyho ri wkh krxvhkrog*v phpehuv dqg zkhuh wkhuh lv qr sulydwh lqirupdwlrq1
45Wklv euhdngrzq pd| eh h{sodlqhg e| wkh zhdulqhvv ri sod|huv zkhq wkh djuhhphqw lv srvwsrqhg +Pxwkrr/
4<<</ s1:6,1 Lqvwhdg ri d euhdn0grzq ri wkh edujdlqlqj/ frvw ri ghod|lqj dq djuhhphqw frxog dulvh iurp wkh idfw
wkdw krxvhkrogv glvfrxqw wkh ixwxuh +Vkl 4<<;,1 Dowkrxjk irupdoo| htxlydohqw/ wklv odvw lqwhusuhwdwlrq zrxog qrw
eh frpsohwho| uljrxurxv lq d glvfuhwh wlph prgho1
46Wklv dujxphqw lv vwdqgdug lq wkh edujdlqlqj olwhudwxuh1 Vhh/ iru h{dpsoh/ Pxwkrr +4<<</ fkdswhu 6,/ Rveruqh
dqg Uxelqvwhlq +4<<3/ fkdshu 6,1
< ! 	

Lq rughu wr fdswxuh wkh ehqh￿w ri prqh| zh frpsduh wkh doorfdwlrq ri uhvrxufhv ri wkh eduwhu
hfrqrp| zlwk wkh rqh ri wkh prqhwdu| hfrqrp|1 Lq wklv vhfwlrq zh suhvhqw wkh eduwhu htxloleulxp
zkhuh prqh| kdv qr ydoxh1
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Frqvlghu wkh edujdlqlqj ehwzhhq djhqwv l dqg m1 Djhqw l/ iroorzlqj wkh vwudwhj| suhvfulehg e|






li wkh pdwfk w|sh lv % @+ %￿>% ￿,/ l1h1/ li klv





dqg li m*v ydoxdwlrq iru wkh jrrg kh surgxfhv lv
%￿x+tr
0,1 Dffruglqj wr klv r￿hu/ tK
0 lv wkh txdqwlw| kh frqvxphv dqg djhqw m surgxfhv/ dqg tr
0 lv







zkhuh wkh lqgh{ %￿ lqglfdwhv wkdw/ iurp wkh srlqw ri ylhz ri m/ wkh pdwfk
w|sh lv %￿ @ +%￿>% ￿,1 Dffruglqj wr m*v r￿hu/ Tr
0￿ lv wkh txdqwlw| l frqvxphv dqg m surgxfhv/ dqg
TK
0￿ lv wkh txdqwlw| l surgxfhv dqg m frqvxphv1
Ghqrwh G0￿ wkh h{shfwhg vxusoxv ri djhqw m li kh uhmhfwv wkh r￿hu= lw lv wdnhq dv jlyhq e| wkh









0 @ G0￿ +4,
Dffruglqj wr +4,/ djhqw l*v r￿hu pdnhv djhqw m mxvw lqgl￿huhqw ehwzhhq dffhswlqj ru uhmhfwlqj wkh
r￿hu1 Wkh h{shfwhg vxusoxv ri djhqw m htxdov











Li djhqw m uhmhfwv wkh r￿hu/ qhjrwldwlrqv euhdn grzq zlwk suredelolw| ￿￿1 Zlwk suredelolw|






diwhu d shulrg ri
wlph ri ohqjwk ￿1
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iru hdfk % 5 H/d q gd q
dffhswdqfh uxoh wkdw vshfl￿hv zkhwkhu dq r￿hu lv dffhswdeoh ru qrw1 Dffruglqj wr +4,/ krxvhkrog
























zkhuh Y lv wkh olihwlph glvfrxqwhg xwlolw| ri wkh krxvhkrog k1 Wkh uljkw0kdqg vlgh ri htxdwlrq
+6, kdv wkh iroorzlqj lqwhusuhwdwlrq1 Iru hdfk pdwfk w|sh %/ d phpehu ri krxvhkrog k pdnhv wkh
43￿uvw sursrvdo +tK
0>tr







0 1 Qrwh wkdw wkhuh lv qr vwdwh yduldeoh olqnlqj wkh suhvhqw wr wkh ixwxuh1
Frqvhtxhqwo|/ iru hdfk shulrg dqg hdfk pdwfk w|sh/ krxvhkrogv mxvw pd{lpl}h fxuuhqw xwlolw| ri
frqvxpswlrq qhw ri fxuuhqw glvxwlolw| ri surgxfwlrq1 Vxevwlwxwlqj tK
0 e| lwv h{suhvvlrq jlyhq e|
+4, dqg gl￿huhqwldwlqj Y zlwk uhvshfw wr tr










;% 5 H +7,
Dffruglqj wr +7,/ wkh whupv ri wudgh +tK
0>tr





wr pdujlqdo glvxwlolw| ri surgxfwlrq/ ￿
0￿￿￿E^r






0￿1 Wkxv/ wr ex| rqh dgglwlrqdo xqlw ri frqvxpswlrq/ djhqw l pxvw surgxfh ￿
0￿￿￿E^r
0￿
xqlwv ri jrrg iru djhqw m/ zklfk frvwv ￿
0￿￿￿E^r
0￿ lq whupv ri xwlolw|1
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
Lq htxloleulxp/ doo krxvhkrogv kdyh wkh vdph fkdudfwhulvwlfv1 Frqvhtxhqwo|/ wkh| pdnh wkh vdph



































Zh zdqw wr frpsduh wkh rxwfrph ri wkh ghfhqwudol}hg hfrqrp| wr wkh doorfdwlrq wkdw d vrfldo
sodqqhu zrxog fkrrvh1 Wkh vrfldo sodqqhu wuhdwv doo krxvhkrog v|pphwulfdoo| dqg frqvhtxhqwo|
pd{lpl}hv wkh xwlolw| ri d uhsuhvhqwdwlyh krxvhkrog1 Lq wkh Dsshqgl{ zh vkrz wkdw zhoiduh lv
pd{lpl}hg li/ iru hdfk pdwfk w|sh % 5 H/ wkh sodqqhu fkrrvhv wkh whupv ri wudgh +tK
0>tr
0, wkdw


















0, @4 ;% 5 H +9,
Htxdwlrq +9, vlpso| vwdwhv wkdw wrwdo vxusoxv lq d pdwfk lv pd{lpl}hg li/ iru hdfk jrrg/
pdujlqdo xwlolw| ri frqvxpswlrq htxdov pdujlqdo glvxwlolw| ri surgxfwlrq1 Ghqrwh h!flhqw txdq0
wlwlhv e| tKW
0 dqg trW
0 / uhvshfwlyho|1 Lq zkdw iroorzv zh irfxv rxu dwwhqwlrq rq wkh olplwlqj fdvh
zkhq wkh ohqjwk ri wlph ehwzhhq wzr frqvhfxwlyh r￿huv dssurdfkhv }hur/ l1h1/ ￿ $ 31 Wkhq/ r￿huv
+tK
0>tr
0, dqg frxqwhur￿huv +tr
0￿>tK
0￿, frlqflgh dqg wkh olihwlph glvfrxqwhg xwlolwlhv ri doo krxvhkrogv
duh htxdo1
44Sursrvlwlrq 4 Dvvxph wkdw ￿ $ 31 Wkhq/ wkhuh lv d xqltxh eduwhu htxloleulxp zkhuh lq doo
dv|pphwulf pdwfkhv wkh txdqwlwlhv h{fkdqjhg duh lqh!flhqw dqg lq doo v|pphwulf pdwfkhv wkh|


















Sursrvlwlrq 4 hvwdeolvkhv wkh h{lvwhqfh dqg xqltxhqhvv ri wkh eduwhu htxloleulxp147 Lq wklv
eduwhu htxloleulxp/ wudghuv h{fkdqjh vrfldoo| lqh!flhqw txdqwlwlhv zkhq wkh| kdyh dv|pphwulf
wdvwhv iru hdfk rwkhu*v jrrgv dqg h!flhqw txdqwlwlhv zkhq wkh kdyh v|pphwulf wdvwhv1 Wkh uhdvrq
iru wkh revhuyhg lqh!flhqflhv lv wkdw lq d eduwhu hfrqrp| wkh txdqwlwlhv surgxfhg dqg frqvxphg
ghwhuplqh vlpxowdqhrxvo| wkh vl}h dqg wkh vsolw ri wkh wrwdo vxusoxv ri wkh pdwfk1 Ehfdxvh
krxvhkrogv rqo| fduh derxw wkhlu rzq vxusoxv wkh wudghuv dwwdlq d edujdlqlqj vroxwlrq wkdw grhv
qrw pd{lpl}h wkh vl}h ri wkh vxusoxv ri wkh pdwfk1
Wr vhh wklv/ frqvlghu d pdwfk ehwzhhq djhqw l dqg djhqw m dqg dvvxph wkdw %￿ A% ￿1 Iurp
d vrfldo srlqw ri ylhz/ djhqw m vkrxog surgxfh d odujhu txdqwlw| wkdq djhqw l1 Wkxv/ h!flhqf|
uhtxluhv wkdw zkloh djhqw l uhfhlyhv d orw dqg surgxfhv olwwoh/ djhqw m uhfhlyhv olwwoh dqg surgxfhv
d orw1 Lq d ghfhqwudol}hg hqylurqphqw/ zlwkrxw frpshqvdwlrq/ djhqw m zloo qrw djuhh wr vxfk dq
duudqjhphqw= wkh txlg sur txr uhtxluhphqw lv qrw ixo￿oohg1 Udwkhu/ wkh edujdlqlqj zloo uhvxow lq
lqh!flhqw txdqwlwlhv surgxfhg dqg h{fkdqjhg1







hdfk phhwlqj/ hdfk krxvhkrog zrxog eh ehwwhu r￿ uhodwlyh wr wkh ghfhqwudol}hg rxwfrph1 Wkxv/
iurp wkh shuvshfwlyh ri wkh krxvhkrogv/ wkh rxwfrph lv Sduhwr lqh!flhqw148





0 1 Ixuwkhupruh/ djhqw l uhfhlyhv pruh wkdq kdoi ri wkh wrwdo vxusoxv ri wkh pdwfk1
Fruroodu| 4 hvwdeolvkhv wkdw li djhqw l olnhv djhqw m*v jrrg uhodwlyho| pruh/ l1h1/ li %￿ A% ￿/ djhqw
l jhwv ohvv dqg djhqw m pruh wkdq wkh h!flhqw txdqwlw|/ uhvshfwlyho|1 Pruhryhu/ djhqw l uhfhlyhv
pruh wkdq kdoi ri wkh wrwdo vxusoxv1 Wkh dqdo|vlv khuh frpsohphqwv wkh uhvxowv lq Hqjlqhhu dqg Vkl
+5333,1 Lq wkhlu prgho/ zkloh wkhuh lv d v|pphwulf frlqflghqfh ri uhdo zdqwv/ wkhuh duh dv|pphwulf
edujdlqlqj zhljkwv lq doo pdwfkhv1 Wklv dv|pphwu| jhqhudwhv vrfldoo| lqh!flhqw whupv ri wudghv1
Djhqwv wkdw kdyh ohvv +pruh, edujdlqlqj zhljkw wkdq wkhlu edujdlqlqj sduwqhu lq d pdwfk uhfhlyh
ohvv +pruh, wkdq wkh vrfldoo| h!flhqw txdqwlw|1 Lq rxu prgho wkh djhqw wkdw lv pruh hdjhu wr jhw
wkh rwkhu djhqw*v jrrg/ jhwv ohvv wkdq wkh h!flhqw txdqwlw|1



































48Rqh zd| wr fruuhfw wklv lqh!flhqf| lv wr hqgrz krxvhkrogv zlwk shuihfw nqrzohgjh ri doo sdvw wudqvdfwlrqv1 Zlwk
wklv nqrzohgjh wkhuh duh sxqlvkphqw vwudwhjlhv wkdw lpsohphqw wkh vrfldoo| h!flhqw rxwfrph1 Vhh Nrfkhuodnrwd
+4<<;,1
45Ilqdoo|/ zh zdqw wr hpskdvl}h wkdw wkh eduwhu hfrqrp| glvsod|v d grxeoh frlqflghqfh ri uhdo
zdqwv lq doo pdwfkhv1 Lq hdfk pdwfk/ hdfk krxvhkrog lv d frqvxphu ri wkh rwkhu krxvhkrog*v
surgxfwlrq/ wkh wudghg txdqwlwlhv |lhog d srvlwlyh vxusoxv/ dqg wkh h{fkdqjh lv txlg sur txr1
Qhyhuwkhohvv/ lq wkh Vhfwlrq 7 zh vkrz wkdw d prqhwdu| htxloleulxp h{lvwv dqg wkdw prqh|
lpsuryhv zhoiduh1 Lq idfw/ zh vkrz wkdw wkh whupv ri wudgh ehwzhhq wzr djhqwv duh dozd|v ehwwhu
lq wkh prqhwdu| htxloleulxp frpsduhg wr wkh whupv ri wudghv zkhq wkh wzr djhqw duh lq wkh vdph
vlwxdwlrq lq wkh eduwhu hfrqrp|1
46$  	   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Lq wkh prqhwdu| hfrqrp| hdfk djhqw krogv p xqlwv ri prqh| zkhq pdwfkhg1 Zh djdlq uhvwulfw
rxu dwwhqwlrq wr phhwlqjv ehwzhhq phpehu l ri krxvhkrog k dqg vrph djhqw m iurp dqrwkhu
krxvhkrog1 Dvvxph wkdw/ lq d jlyhq vxeshulrg/ lw lv djhqw l*v wxuq wr pdnh dq r￿hu1 Djhqw l/







pdwfk w|sh lv % @+ %￿>% ￿,1 Dv lq wkh eduwhu hfrqrp|/ tK
0 lv wkh txdqwlw| ri jrrgv surgxfhg e|
djhqw m dqg frqvxphg e| djhqw l dqg tr
0 lv wkh txdqwlw| ri jrrgv gholyhuhg e| djhqw l1 {0 lv wkh
txdqwlw| ri prqh| h{fkdqjhg1 Li {0 A 3/d j h q wl gholyhuv {0 xqlwv ri prqh| wr djhqw m dqg li







1 Iurp klv srlqw ri ylhz/ wkh pdwfk w|sh lv %￿ @ +%￿>% ￿,1
Li Y +p, ghqrwhv wkh olihwlph h{shfwhg xwlolw| ri krxvhkrog k hqgrzhg zlwk p xqlwv ri prqh|/
wkh pdujlqdo ydoxh ri prqh| lv $ @ ￿Y6+pn￿, zkhuh Y6 lv wkh ghulydwlyh ri Y zlwk uhvshfw
wr prqh| kroglqjv p1 Ixuwkhupruh/ ghqrwh ￿ wkh pdujlqdo ydoxh ri prqh| ri rwkhu krxvhkrogv






dqg li {0 A 3/ wkh dftxluhg prqh| edodqfhv
{0 zloo dgg wr m*v krxvhkrog prqh| edodqfhv dw wkh ehjlqqlqj ri wkh qh{w shulrg/ zkrvh ydoxh
wrgd| lv ￿{01D j h q w m dffhswv wkh r￿hu li %￿x+tr
0, ￿ tK
0 . {0￿ ￿ G0￿/ zkhuh G0￿ ghqrwhv wkh
h{shfwhg vxusoxv ri djhqw m li kh uhmhfwv wkh r￿hu1 Wkxv/ dq| rswlpdo r￿hu e| djhqw l vdwlv￿hv=
%￿x+tr
0, ￿ tK
0 . {0￿@G0￿ +;,
Wkh rqo| gl￿huhqfh ehwzhhq eduwhu r￿hu +4, dqg prqhwdu| r￿hu +;, lv wkdw wkh odwwhu lqfoxghv wkh
prqhwdu| wudqvihu {01 Dv lq Vhfwlrq 6/ rq fdq ghulyh dq h{solflw h{suhvvlrq iru G0￿1 Zh ￿qg/

















lv djhqw m*v sursrvdo zkhq lw lv klv wxuq wr pdnh dq r￿hu1 Qrwh wkdw [0￿ lv
d prqhwdu| wudqvihu iurp m wr l1
$  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
Zkhq wkh krxvhkrog ghwhuplqhv wkh whupv ri wudghv/ lw lv vxemhfw wr wzr vhwv ri frqvwudlqwv1 Iluvw/
krxvhkrog phpehuv fdqqrw vshqg pruh prqh| wkdq zkdw wkh| kdyh=
{0 ￿ p ;% 5 H +43,
Vhfrqg/ krxvhkrog phpehuv fdqqrw dvn iru pruh prqh| wkdq zkdw wkhlu edujdlqlqj sduwqhu krogv=
￿{0 ￿ P ;% 5 H +44,






iru hdfk % 5 H/d q gd q






e| dqrwkhu krxvhkrog1 Djdlq/ djhqw l iurp krxvhkrog









wr vroyh wkh iroorzlqj g|qdplf surjudpplqj sureohp=















vxemhfw wr wkh frqvwudlqwv +;,/ +43,/ +44,/ dqg
pn￿ ￿ p @ ￿ ￿
]
.
{0 g￿+%￿>% ￿, +46,
Wkh yduldeohv wdnhq dv jlyhq lq wkh deryh sureohp duh wkh vwdwh yduldeoh p dqg rwkhu krxvhkrogv*
fkrlfhv +wkh fdslwdo fdvh yduldeohv,1 Wkh lqwhjudo lq htxdwlrq +45, djjuhjdwhv wkh qhw xwlolwlhv lq
doo phhwlqjv1 Htxdwlrq +46, vshfl￿hv wkh odz ri prwlrq ri wkh krxvhkrog*v prqh| edodqfhv1 Wkh
￿uvw whup rq wkh uljkw0kdqg vlgh vshfl￿hv wkh dgglwlrqdo fxuuhqf| wkh krxvhkrog uhfhlyhv hdfk
shulrg1 Zh dvvxph wkdw wkh vxsso| ri prqh| lqfuhdvhv dw udwh +￿ ￿ 4, zklfk lpsolhv wkdw qh{w
shulrg*v prqh| vxsso| lv Pn￿ @ ￿P1
Ghqrwh ￿0 wkh pxowlsolhuv dvvrfldwhg zlwk frqvwudlqwv +43,1 Wkh pxowlsolhuv dvvrfldwhg zlwk
frqvwudlqwv +44, zloo eh ghqrwhg e| ￿01 Wkhq/ wkh surjudp ri wkh krxvhkrog fdq eh uhzulwwhq dv
iroorzv












0 g￿+%￿>% ￿, .
]
.




￿0 +P . {0,g￿+%￿>% ￿, . ￿Y+pn￿,
￿
zkhuh pn￿ lv jlyhq e| htxdwlrqv +46,1 Ixuwkhupruh/ dffruglqj wr +;,/ {0 f d qe hh { s u h v v h gd vd
ixqfwlrq ri tr
0 dqg tK







￿0 ￿ ￿0 . $
￿




$ . ￿0 ￿ ￿0
;% 5 H +48,
￿0 +p ￿ {0, @3 ;% 5 H +49,






$ . ￿0 g￿+%￿>% ￿, +4;,
Ohw xv ￿uvw lqwhusuhw wkh rswlpdo fkrlfhv ri tK
0 dqg tr
01 Iru hdfk pdwfk w|sh/ wkh krxvhkrog kdv
wzr ghflvlrqv1 Iluvw/ krz pxfk wr frqvxph1 Vhfrqg/ krz wr ￿qdqfh wklv frqvxpswlrq ehfdxvh wkh
krxvhkrog fdq hlwkhu ￿qdqfh fxuuhqw frqvxpswlrq wkurxjk vdoh ri prqh|/ surgxfwlrq/ ru erwk1
Wkh ￿uvw ghflvlrq lpsolhv wkh htxdol}dwlrq ri wkh pdujlqdo xwlolw| ri frqvxpswlrq wr wkh pdujlqdo
48frvw ri ￿qdqflqj wklv frqvxpswlrq1 Wkh vhfrqg ghflvlrq lv dq duelwudjh frqglwlrq1 Wklv frqglwlrq
uhtxluhv wkdw wkh ydoxh ri wkh dprxqw ri prqh| wkdw wkh krxvhkrog pxvw sd| lv htxdo wr wkh
pdujlqdo frvw ri surgxflqj dgglwlrqdo jrrgv wr ￿qdqfh wklv sxufkdvh1
Wr vhh wkh uhodwlrqvkls ehwzhhq wkh wzr fkrlfhv qrwh wkdw wkh ￿uvw0rughu frqglwlrqv +47, dqg













;% 5 H +4<,
Wkh ohiw0kdqg vlgh ri +4<, lv wkh pdujlqdo xwlolw| ri frqvxpswlrq1 Wkh uljkw0kdqg vlgh lv wkh
pdujlqdo frvw ri ￿qdqflqj wkh dgglwlrqdo frqvxpswlrq wkurxjk surgxfwlrq +vhh htxdwlrq +;,,1
Wkh plggoh whup lv wkh ydoxh ri wkh dprxqw ri prqh| wkdw wkh krxvhkrog pxvw sd| wr ￿qdqfh wklv
dgglwlrqdo frqvxpswlrq1 Wkh duelwudjh frqglwlrq lv jlyhq e| wkh htxdolw| rq wkh uljkw0kdqg vlgh
ri +4<,1 Lw vlpso| vwdwhv wkdw d krxvhkrog zkhq sxufkdvlqj dq dgglwlrqdo xqlw ri frqvxpswlrq
jrrg xvhv wkh sd|phqw lqvwuxphqw wkdw frvwv ohvv1
Wr lqwhusuhw wkh plggoh whup ri +4<,/ qrwh wkdw wkh Nxkq0Wxfnhu frqglwlrqv +49, dqg +4:,
lpso| wkdw ￿0 dqg ￿0 fdqqrw eh erwk srvlwlyh dw wkh vdph wlph1 Vxssrvh/ ￿uvw/ wkdw djhqw l*v
prqh| kroglqjv duh elqglqj/ l1h1/ ￿0 A 3 dqg ￿0 @3 1 Wkhq/ wr ex| dqrwkhu xqlw ri d jrrg/ wkh
krxvhkrog pxvw jlyh xs ￿
l xqlwv ri prqh| +vhh htxdwlrq +;,,1 Lqfuhdvlqj wkh prqhwdu| sd|phqw
kdv wzr frvwv wr wkh krxvhkrog1 Kh jlyhv xs wkh ixwxuh ydoxh ri prqh| $ dqg kh idfhv d wljkwhu
frqvwudlqw +43,1 Qrwh wkdw wkh krxvhkrog lv zloolqj wr surgxfh dw d kljkhu pdujlqdo frvw wr ￿qdqfh
wklv frqvxpswlrq zkhq frqvwudlqw +43, lv elqglqj1 Wrjhwkhu/ $ dqg ￿0 phdvxuh wkh pdujlqdo frvw
ri rewdlqlqj d odujhu txdqwlw| ri jrrgv lq h{fkdqjh iru prqh|1 Vxssrvh/ qrz/ wkdw m*v frqvwudlqw
rq prqh| kroglqjv lv elqglqj iurp wk srlqw ri ylhz ri krxvhkrog l/ l1h1/ ￿0 @3dqg ￿0 A 31 Ehfdxvh
m*v frqvwudlqw lv elqglqj klv pdujlqdo ydoxh ri prqh| lv odujhu wkdq ￿ dqg/ wkhuhiruh/ djhqw l kdv
wr sd| ohvv wr rewdlq wklv dgglwlrqdo frqvxpswlrq1 Wkh vkdgrz sulfh ￿0 f d qe hl q w h u s u h w h gd vd
glvfrxqw wkdw djhqw m lv zloolqj wr vdful￿fh wr rewdlq dgglwlrqdo prqh| li klv frqvwudlqw lv elqglqj1
Htxdwlrqv +49, dqg +4:, duh wkh Nxkq0Wxfnhu frqglwlrqv dvvrfldwhg zlwk wkh pxowlsolhuv ￿0
dqg ￿0/ uhvshfwlyho|1 Ilqdoo|/ htxdwlrq +4;, ghvfulehv wkh hyroxwlrq ri wkh pdujlqdo ydoxh ri prqh|1
Lw vwdwhv wkdw wkh pdujlqdo ydoxh ri prqh| wrgd|/
/3￿
q / htxdov wkh pdujlqdo ehqh￿w ri prqh| lq
doo phhwlqjv/
U
. $ . ￿0g￿+%￿>% ￿,1 Wklv lqwhjudo kdv wkh iroorzlqj lqwhusuhwdwlrq= Lq d %0phhwlqj
wkh ydoxh ri dq dgglwlrqdo xqlw ri prqh| lv htxdo wr $ . ￿0/ zklfk lv vlpso| $ li wkh djhqw lv
qrw fdvk frqvwudlqw1 Qrwh wkdw wkh ydoxh ri prqh| lv odujhu lq d phhwlqj zkhuh wkh djhqw lv fdvk
frqvwudlqw ehfdxvh dq dgglwlrqdo xqlw ri prqh| zrxog doorz klp wr dyrlg lqh!flhqw surgxfwlrq1
$  #
Lq htxloleulxp/ doo krxvhkrogv kdyh wkh vdph fkdudfwhulvwlfv/ zklfk lpsolhv wkdw wkh ydoxhv ri
wkh gl￿huhqw yduldeohv ri wkh krxvhkrog k htxdo wkh ydoxhv ri wkh vdph yduldeohv ri doo rwkhu
krxvhkrogv1 Frqvhtxhqwo|/ fdslwdo0fdvh yduldeohv dqg orzhu0fdvh yduldeohv duh htxdo= $ @￿ /












iru doo %1 Wkhq/ htxdwlrqv +;, dqg +<, |lhog=
%￿x+tr
0, ￿ tK

















0M. vxfk wkdw htxdwlrqv +47,/ +48,/ +49,/ +4:,/ +4;,/ dqg +53, krog1
Zh djdlq zdqw wr frpsduh wkh rxwfrph ri wkh ghfhqwudol}hg hfrqrp| wr wkh doorfdwlrq wkdw
d vrfldo sodqqhu zrxog fkrrvh lq rughu wr pd{lpl}h vrfldo zhoiduh1 Dv lq wkh eduwhu hfrqrp|/
zhoiduh lv pd{lpl}hg li lq hdfk phhwlqj tK
0 dqg tr





0,@4 1 Ohppd 4
fkdudfwhul}hv wkh whupv ri wudgh lq wkh prqhwdu| htxloleulxp zkhq wkh ohqjwk ri wlph ehwzhhq
wzr frqvhfxwlyh r￿huv dssurdfkhv }hur1
Ohppd 4 Dvvxph wkdw ￿ $ 3 dqg frqvlghu dq +%￿>% ￿,￿phhwlqj1 Wkhq/ wkhuh duh wzr fdvhv=
Fdvhd 1Rqh ri wkh wudghuv* frqvwudlqwv rq prqh| kroglqjv lv elqglqj1 Li djhqw l*v frqvwudlqw




0 / {0 @ p/ dqg djhqw l uhfhlyhv pruh wkdq rqh kdoi
ri wkh wrwdo vxusoxv ri wkh pdwfk1 Wkh h{fkdqjhg txdqwlwlhv tK
0 dqg tr






















0 , ￿ trW
0 ￿ {0$
@4 1 +55,
Dffruglqj wr fdvh e ri Ohppd 4/ li qr djhqw lv frqvwudlqhg e| klv prqh| kroglqjv/ wkh pdwfkhg
djhqwv surgxfh/ h{fkdqjh/ dqg frqvxph h!flhqw txdqwlwlhv dqg wkh| vsolw wkh wrwdo vxusoxv ri wkh
pdwfk hyhqo|1 Li rqh ri wkh djhqwv* frqvwudlqw rq prqh| kroglqjv lv elqglqj +fdvh d ri Ohppd 4,/
wkh whupv ri wudgh duh lqh!flhqw dqg wkh djhqw zkrvh frqvwudlqw lv elqglqj uhfhlyhv pruh wkdq kdoi
ri wkh wrwdo vxusoxv1 Qrwh wkdw lq Ohppd 4 zh gr qrw phqwlrq wkh fdvh zkhq djhqw m*v frqvwudlqw




0 / {0 @ ￿p149
Wr vhh zk|/ lq frqwudvw wr wkh eduwhu htxloleulxp/ lq pdwfkhv zlwk dv|pphwulf wdvwhv h!flhqw
wudghv fdq rffxu/ frqvlghu d pdwfk ehwzhhq djhqwv l dqg m dqg dvvxph wkdw %￿ A% ￿1 Ehfdxvh
iru d jlyhq txdqwlw| ri jrrgv l*v pdujlqdo xwlolw| ri frqvxpswlrq lv kljkhu wkdq m*v rqh/ wkhq
h!flhqf| uhtxluhv wkdw djhqw m surgxfhv d odujhu txdqwlw| wkdq djhqw l1 Djhqw m zloo djuhh wr
vxfk dq duudqjhphqw li djhqw l lv deoh wr frpshqvdwh klp e| wudqvihuulqj vx!flhqw fodlpv wr
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4:ixwxuh frqvxpswlrq +prqh|,1 Li l*v frqvwudlqw rq prqh| kroglqj lv qrw elqglqj/ kh lv deoh wr
gr vr dqg l dqg m h{fkdqjh h!flhqw txdqwlwlhv1 Li qrw/ wkh edujdlqlqj zloo uhvxow lq lqh!flhqw
txdqwlwlhv surgxfhg dqg h{fkdqjhg1
Prqh|/ lq frqwudvw wr uhdo surgxfwlrq/ lv d shuihfw ghylfh wr wudqvihu xwlolw| ehfdxvh iru doo
krxvhkrog dq dgglwlrqdo xqlw ri prqh| kdv wkh vdph uhdo ydoxh $14: Uhdo surgxfwlrq rq wkh
rwkhu kdqg lv dq lpshuihfw phdq wr wudqvihu xwlolw| ehfdxvh pdujlqdo xwlolw| iru wkh frqvxphu
dqg pdujlqdo frvw ri wkh surgxfhu ydu| zlwk wkh txdqwlw| surgxfhg dqg h{fkdqjhg1 Zh zdqw
wr hpskdvl}h wkh lpsruwdqfh ri prqh| ehlqj htxdoo| ydoxhg iru h!flhqf|1 Li prqh| zhuh qrw
htxdoo| ydoxhg/ dffruglqj wr +47,/ lqh!flhqw txdqwlwlhv zrxog eh surgxfhg dqg h{fkdqjhg hyhq
li frqvwudlqwv rq prqh| kroglqjv zhuh qrw elqglqj +￿0 @ ￿0 @3 ,1 Iru h{dpsoh/ li $A￿/ zklfk
phdqv wkdw krxvhkrog k ydoxhv prqh| pruh wkdq rwkhu krxvhkrogv/ krxvhkrog k zrxog uhfhlyh
ohvv dqg surgxfh pruh wkdq wkh h!flhqw txdqwlwlhv1
Lq wkh iroorzlqj zh zdqw wr fkdudfwhul}h wkh vhw ri pdwfk w|shv wkdw jhqhudwh lqh!flhqw
wudghv1 Wr ghulyh wklv vhw/ zh lqwurgxfh d sduwlfxodu glvwdqfh ixqfwlrq G+%￿>% ￿,/ zklfk phdvxuhv
wkh dv|pphwu| lq suhihuhqfhv lq d pdwfk1 Lw lv gh￿qhg dv iroorzv=
G+%￿>% ￿, @
￿ ￿ ￿ ￿
*+%￿, ￿*+%￿,
5
￿ ￿ ￿ ￿









Sursrvlwlrq 5 Wkhuh lv d ￿A￿vxfk wkdw li ￿ 5 +￿>￿,/ d xqltxh prqhwdu| htxloleulxp h{lvwv1
Lw kdv wkh iroorzlqj surshuwlhv=
+l, Dq +%￿>% ￿,0wudgh lv lqh!flhqw li dqg rqo| li G+%￿>% ￿, Ap $ /
+ll, Wkh phdvxuh ri lqh!flhqw wudghv lv ghfuhdvlqj lq p$ dqg whqgv wr }hur dv ￿ $ ￿1
Sursrvlwlrq 5 hvwdeolvkhv wkh h{lvwhqfh ri d xqltxh prqhwdu| htxloleulxp zlwk ydoxhg ￿dw
prqh| li wkh jurvv jurzwk udwh ri wkh prqh| vxsso| ￿ lv qrw wrr kljk1 Dffruglqj wr +;,/ wkh
dprxqw ri prqh| wkdw pxvw eh vshqw wr ex| rqh dgglwlrqdo xqlw ri d jrrg lv ￿
/1 Khqfh/ wkh
sulfh ohyho lq wklv hfrqrp| lv s @ ￿
/ dqg wkh uhdo vwrfn ri prqh| lv 6
R @ p$1 D prqhwdu|
htxloleulxp lv fkdudfwhul}hg e| d xqltxh vwdwlrqdu| ohyho ri wkh uhdo vwrfn ri prqh|/ p$/ zklfk
ghshqgv qhjdwlyho| rq wkh jurzwk udwh ri wkh prqh| vxsso| +￿ ￿4,1 Dv d frqvhtxhqfh/ prqh| lv
qhxwudo exw qrw vxshu0qhxwudo1
Lq frqwudvw wr wkh eduwhu htxloleulxp/ lq wkh prqhwdu| htxloleulxp dv|pphwulf wdvwhv iru hdfk
rwkhu*v jrrgv gr qrw dozd|v jhqhudwh lqh!flhqw wudghv1 Zkhwkhu d wudgh lv lqh!flhqw ghshqgv rq
wkh ghjuhh ri dv|pphwu| ri wkh pdwfk dv phdvxuhg e| wkh glvwdqfh G1 H!flhqw txdqwlwlhv duh
4:Doo krxvhkrogv kdyh wkh vdph pdujlqdo ydoxh ri prqh| ehfdxvh wkh glvwulexwlrq ri prqh| lv ghjhqhudwh1 Lq
prghov zlwk d qrqghjhqhudwh glvwulexwlrq ri prqh| +h1j1/ Ehuhqwvhq +5333,/ Urfkhwhdx +5333,/ dqg ]krx +4<<<,,/
wkh pdujlqdo ydoxh ri prqh| lv qrw htxdo iru doo djhqwv1
4;Qrwh wkdw &E0￿c0 ￿￿ vdwlv￿hv wkh wkuhh surshuwlhv ri d glvwdqfh1 +l, &E0￿c0 ￿￿ D f iru doo E0￿c0 ￿￿1 Ixuwkhupruh/
&E0￿c0 ￿￿ ’frqo| zkhq 0￿ ’ 0￿1 +ll, &E0￿c0 ￿￿ ’ &E0￿c0 ￿￿1 +lll, &E0￿c0 ￿￿ $& E0￿c0 &￿ n &E0&c0 ￿￿1
4;h{fkdqjhg lq d pdwfk li wkh glvwdqfh lq suhihuhqfhv lv ohvv wkdq wkh uhdo ydoxh ri prqh| p$1 Wklv
uhvxow lpsolhv wzr wklqjv1 Iluvw/ lw lv wkh ghjuhh ri dv|pphwu| iru hdfk rwkhu*v jrrgv wkdw pdwwhuv
iru h!flhqf|1 Vhfrqg/ li wkh uhdo vwrfn ri prqh| lv odujh/ d udqgrpo| fkrvhq pdwfk w|sh lv ohvv
olnho| wr jhqhudwh lqh!flhqw whupv ri wudghv1 Ru/ lq rwkhu zrugv/ wkh phdvxuh ri lqh!flhqw wudghv
ghfuhdvhv zlwk wkh uhdo ydoxh ri prqh|1
Lq dwlrq lv frvwo| lq wklv prgho ehfdxvh lw jhqhudwhv d plvdoorfdwlrq ri uhvrxufhv1 D kljkhu
udwh ri wkh prqh| vxsso| lqfuhdvhv wkh plvdoorfdwlrq ehfdxvh lw uhgxfhv wkh vhw ri phhwlqjv zkhuh
djhqwv surgxfh dqg h{fkdqjh h!flhqw txdqwlwlhv1 Zkhq wkh jurvv jurzwk udwh ri wkh prqh| vxsso|
dssurdfkhv wkh xsshu0erxqg ￿/ wkh doorfdwlrq ri uhvrxufhv lq wkh prqhwdu| hfrqrp| frqyhujhv
wr wkh +plv,doorfdwlrq ri wkh fruuhvsrqglqj eduwhu hfrqrp|1 Lq frqwudvw/ zkhq wkh jurvv jurzwk
udwh ri wkh prqh| vxsso| dssurdfkhv wkh glvfrxqwlqj idfwru/ doprvw doo wudghv duh h!flhqw/ l1h1/
wkh Iulhgpdq*v uxoh krogv1
4<% 	
Lq wkh iroorzlqj zh zdqw wr ghyhors pruh lqwxlwlrq iru wkh uhvxowv suhvhqwhg lq wkh suhylrxv
Vhfwlrqv1 Wr gr vr/ zh xvh wkh idfw wkdw wkh vroxwlrq ri Uxelqvwhlq*v edujdlqlqj jdph ehwzhhq
wkh krxvhkrogv ri djhqwv l dqg m pd{lpl}hv wkh v|pphwulf Qdvk surgxfw ri wkh wudghuv* vxusoxvhv
V￿ dqg V￿/ uhvshfwlyho| +Vhh irrwqrwhv 47 dqg 4:,1 Lq zkdw iroorzv zh dvvxph/ zlwkrxw orvv lq
jhqhudolw|/ wkdw %￿ A% ￿1 Edujdlqlqj vroxwlrqv dqg ￿jxuhv duh gudzq iru d vlqjoh % 5 H rqo|1
Iljxuh 5= Vrfldoo| Lqh!flhqw Eduwhulqj
Frqvlghu/ ￿uvw/ wkh eduwhu hfrqrp| zkhuh wkh vxusoxvhv ri djhqwv l dqg m duh V￿ @ %￿x+tK
0,￿tr
0
dqg V￿ @ %￿x+tr
0, ￿ tK
0/ uhvshfwlyho|1 Wkh Sduhwr iurqwlhu ri wkh edujdlqlqj vhw lv wkh frqfdyh
fxuyh lq Iljxuh 514< Hdfk srlqw rq wklv fxuyh xqltxho| ghwhuplqhv zkdw txdqwlwlhv ri jrrgv l
dqg m surgxfh/ h{fkdqjh/ dqg frqvxph1 Wkh edujdlqlqj vroxwlrq lv ghwhuplqhg e| wkh wdqjhqf|
srlqw ehwzhhq wkh Sduhwr iurqwlhu dqg d Qdvk surgxfw fxuyh +wkh frqyh{ fxuyhv lq Iljxuh 5,1 Wkh













wr wkh uljkw ri wkh 78￿ olqh/ zklfk phdqv wkdw l jhwv pruh wkdq kdoi ri wkh vxusoxv +vhh Fruroodu|
4,1





0 , ￿ trW
0 dqg VW
￿ @ %￿x+trW
0 , ￿ tKW
0 1 Frqvhtxhqwo|/ wkh VWVW olqh
lv wkh Sduhwr iurqwlhu ri wkh vdph edujdlqlqj jdph zlwk wudqvihudeoh xwlolw|1 D edujdlqlqj jdph
lv d jdph zlwk wudqvihudeoh xwlolw| li wkhuh lv d ghylfh wkdw doorzv sod|huv wr ghfuhdvh wkhlu rzq
sd|r￿ dqg lqfuhdvh wkh rqh ri wkhlu sduwqhu e| wkh vdph dprxqw1 D wzr0shuvrq edujdlqlqj jdph
zlwk wudqvihudeoh xwlolw| lv ixoo| fkdudfwhul}hg e| wkh glvdjuhhphqw sd|r￿v ri wkh wzr sod|huv dqg
e| wkh wrwdo wudqvihudeoh zhdowk +VW, dydlodeoh wr wkh sod|huv l dqg m1
4<Vhh wkh dsshqgl{ iru d irupdo ghulydwlrq ri wkh Sduhwr iurqwlhu dqg vrph ri wkh rwkhu whfkqlfdo ghwdlov1






@ 5 VWVW/ zklfk phdqv wkdw wkh whupv ri
wudghv gr qrw pd{lpl}h wkh wrwdo vxusoxv ri wkh pdwfk1 Qrwh wkdw %￿ A% ￿ lpsolhv VW
￿ AV W
￿ dqg
wkdw li wkh dv|pphwu| lq suhihuhqfhv lv odujh/ VW













lv dw wkh wdqjhqf| srlqw ehwzhhq wkh Sduhwr
iurqwlhu dqg olqh VWVW1






lv wkh rqo| ihdvleoh vsolw ri wkh pd{lpdo wrwdo vxusoxv VW1 Li/ krzhyhu/ wkh wudghuv kdg d ghylfh
wr wudqvihu xwlolw|/ wkh| frxog dwwdlq dq| srlqw rq wkh VWVW olqh e| surgxflqj dqg frqvxplqj
h!flhqw txdqwlwlhv dqg/ wkhq/ vsolw wrwdo xwlolw| VW wkurxjk d wudqvihu ri xwlolw|1 Qrwh wkdw wkh
Qdvk surgxfw fxuyh +vhh wkh grwhg fxuyh lq Iljxuh 5, kdv d wdqjhqf| dw wkh VWVW olqh zkhuh wklv
olqh furvvhv wkh 78￿ olqh1 Frqvhtxhqwo|/ li djhqwv frxog wudqvihu xwlolw|/ wkh| zrxog surgxfh dqg
h{fkdqjh h!flhqw txdqwlwlhv dqg/ wkhq h{fkdqjh xwlolw| wr dwwdlq V￿ @ V￿ @ VW@51
Zh/ qh{w/ glvfxvv krz wkh Sduhwr iurqwlhu lv wudqviruphg zkhq prqh| lv lqwurgxfhg lqwr wkh
hfrqrp|1 Wkh qdwxuh ri wkh wudqvirupdwlrq lv glvsod|hg lq Iljxuh 61 Lq wkh prqhwdu| hfrqrp|/
wkh vxusoxvhv ri djhqwv l dqg m duh V￿
￿ @ %￿x+tK
0, ￿ tr




uhvshfwlyho|1 Lq wklv Iljxuh/ wkh Sduhwr iurqwlhu ri wkh eduwhu hfrqrp| lv wkh grwwhg frqfdyh fxuyh
dqg wkh Sduhwr iurqwlhu ri wkh prqhwdu| hfrqrp| lv wkh vrolg frqfdyh fxuyh1 Wkhuh lv djdlq wkh
VWVW olqh wkdw uhsuhvhqwv hyhu| srvvleoh vsolw +V￿>V ￿, ri wkh pd{lpdo wrwdo vxusoxv ri wkh pdwfk1
Iljxuh 6= Sduhwr iurqwlhu zlwk dqg zlwkrxw prqh|1
Wr vhh krz wkh wudqvirupdwlrq zrunv/ frqvlghu srlqw D dqg wkh dvvrfldwhg vhjphqw ^D￿>D ￿￿‘1
Srlqw D olhv rq wkh Sduhwr iurqwlhu ri wkh eduwhu hfrqrp| dqg lw xqltxho| ghwhuplqhv zkdw txdq0
54wlwlhv ri jrrgv l dqg m surgxfh dqg h{fkdqjh1 Wkh vhjphqw ^D￿D￿￿‘ uhsuhvhqwv wkh vhw ri vxusoxvhv
wkdw l dqg m fdq uhdfk e| wudqvihuulqj prqh| zlwkrxw fkdqjlqj wkhvh txdqwlwlhv1 Dw D￿ +D￿￿, sod|hu
m +l, uhfhlyhv p xqlwv ri prqh| vr wkdw D￿ @+ V￿ ￿ p$>V￿ . p$, +D￿￿ @+ V￿ . p$>V￿ ￿ p$,,1
Qrwh wkdw wkh vorsh ri wkh vhjphqw ^D￿D￿￿‘ lv ￿4 ehfdxvh krxvhkrogv kdyh wkh vdph frqvwdqw
pdujlqdo ydoxh ri prqh|1
Dv gudzq lq Iljxuh 6/ rqo| srlqw D￿ olhv rq wkh Sduhwr iurqwlhu ri wkh edujdlqlqj vhw lq wkh
prqhwdu| hfrqrp|1 Wklv lv wuxh iru dq| srlqw rq wkh Sduhwr iurqwlhu ri wkh eduwhu hfrqrp| wkdw
vdwlv￿hv V￿ ?V W
￿ 1 Wr wkh frqwudvw/ li V￿ AV W
￿ / +V￿ . p$>V￿ ￿ p$, olhv rq wkh Sduhwr iurqwlhu ri
wkh prqhwdu| hfrqrp|1 Li V￿ @ VW
￿ / wkh zkroh vhjphqw ^D￿D￿￿‘ olhv rq wkh Sduhwr iurqwlhu ri wkh
edujdlqlqj vhw lq wkh prqhwdu| hfrqrp|1 Pruhryhu/ wkh zkroh vhjphqw olhv rq wkh VWVW olqh1
Li djhqwv kdg d ghylfh wr wudqvihu xwlolw|/ wkh| frxog dwwdlq doo srlqwv rq wkh olqh VWVW1L q
wkh prqhwdu| hfrqrp|/ prqh| lv vxfk d ghylfh/ lq wkh vhqvh wkdw djhqwv fdq dwwdlq doo srlqwv rq
wkh VWVW olqh vdwlvi|lqj V￿ 5 ^VW
￿ ￿ p$>VW
￿ . p$‘1 Lw ixo￿oov wklv uroh e| doorzlqj djhqwv wr wudgh
fodlpv wr ixwxuh frqvxpswlrq1 Krzhyhu/ prqh| lv qrw d shuihfw ghylfh wr wudqvihu xwlolw| ehfdxvh
wkh Sduhwr iurqwlhu lq wkh prqhwdu| hfrqrp| grhv qrw ixoo| frlqflgh zlwk wkh VWVW olqh1 Wkh
odujhu wkh uhdo ydoxh ri prqh|/ wkh ehwwhu prqh| fdq ixo￿oo lwv uroh wr wudqvihu xwlolw|1
Wkh vhw ri djuhhphqwv wkdw fdq eh uhdfkhg lq wkh prqhwdu| hfrqrp| frqwdlqv wkh vhw ri
duudqjhphqwv wkdw fdq eh uhdfkhg lq wkh eduwhu hfrqrp|1 Wkxv/ zlwk ydoxhg prqh| wkh wrwdo
vxusoxv lq d pdwfk fdqqrw eh orzhu wkdq wkh wrwdo vxusoxv dwwdlqhg lq wkh fruuhvsrqglqj eduwhu
hfrqrp|1 Frqvhtxhqwo|/ zhoiduh lq d prqhwdu| hfrqrp| pxvw eh dw ohdvw dv odujh dv lq wkh
fruuhvsrqglqj eduwhu hfrqrp|1 Iljxuh 6 looxvwudwhv wklv idfw1 Prqh| grhv qrw hqodujh wkh vhw ri
ihdvleoh wudqvdfwlrqv> wudghuv fdq h{fkdqjh dq| txdqwlw| ri jrrgv/ zlwk ru zlwkrxw prqh|153 Wkh
ehqh￿w ri prqh| dulvhv ehfdxvh lw doorzv surgxfwlrq dqg h{fkdqjh ri jrrgv wkdw zrxog qrw vdwlvi|
wkh txlg sur txr uhtxluhphqw zlwkrxw d wudqvihu ri prqh|1
Lq wkh prqhwdu| hfrqrp| wudghg txdqwlwlhv duh h!flhqw li wkh dv|pphwu| lq suhihuhqfhv phd0
vxuhg e| wkh glvwdqfh G lv orzhu wkdq wkh uhdo ydoxh ri prqh|1 Iljxuh 7 glvsod|v dq dv|pphwulf
pdwfk zkhuh h!flhqw txdqwlwlhv duh h{fkdqjhg +d, dqg dq dv|pphwulf pdwfk zkhuh lqh!flhqw
txdqwlwlhv duh wudghg +e,1 Wkh grwwhg fxuyhv duh wkh Sduhwr iurqwlhuv ri wkh edujdlqlqj vhw lq wkh
eduwhu hfrqrp|1 Wkh uhdo ydoxh ri prqh| +p$,l vo d u j h ul qw k h￿ j x u h7+ d ,w k d ql q￿ j x u h7+ e ,
ehfdxvh wkh vhjphqw ri wkh Sduhwr iurqwlhu wkdw olhv rq wkh VWVW olqh lv odujhu lq wkh ohiw ￿jxuh1
53Iru d vlplodu dujxphqw frqvlghu Rvwur| +4<:6,1
55Iljxuh 7= H!flhqw dqg lqh!flhqw wudghv lq wkh prqhwdu| hfrqrp|1
Lq Iljxuh 8 zh vkrz krz wkh glvwdqfh G+%￿>% ￿, fdq eh judsklfdoo| uhsuhvhqwhg lq wkh suhylrxv






￿ ￿ ￿1W k x v / G+%￿>% ￿, lv wkh
devroxwh ydoxh ri wkh gl￿huhqfh ri wkh vxusoxvhv zkhq djhqwv surgxfh h!flhqw txdqwlwlhv glylghg
e| wzr1 Wkh srlqw H￿ uhsuhvhqwv wkh vxusoxvhv ri djhqwv zkhq h!flhqw txdqwlwlhv duh wudghg dqg
zkhq djhqwv vsolw wkh wrwdo vxusoxv htxdoo|1
Srlqw H￿ lv wkh h!flhqw doorfdwlrq zkhq djhqwv surgxfh h!flhqw txdqwlwlhv dqg gr qrw h{0
fkdqjh prqh|1 Wr uhdfk srlqw H￿ iurp H￿/d j h q wl k d vw rj l y hx sG+%￿>% ￿, xqlwv ri uhdo
prqh|/ zklfk phdqv wkdw m uhfhlyhv wklv dprxqw1 Wkxv/ li G+%￿>% ￿, ￿ p$/ wkh wudghuv fdq dw0
wdlq H￿ ehfdxvh djhqw l*v uhdo ydoxh ri prqh| kroglqjv lv vx!flhqwo| odujh1 Li/ wr wkh frqwudvw/
G+%￿>% ￿, Ap $ / wkh wudghuv fdqqrw dwwdlq doorfdwlrq H￿ ehfdxvh djhqw l kdv qrw hqrxjk prqh|
wr frpshqvdwh m1
56Iljxuh 8= Iurqwlhu ehwzhhq h!flhqw dqg qrqh!flhqw wudghv1
57&  	       	
Prvw prghov wkdw kdyh fdswxuhg wkh uroh ri prqh| dv d phglxp ri h{fkdqjh kdyh hlwkhu hpskd0
vl}hg lwv delolw| wr lqfuhdvh wkh yroxph ri wudghv ru lwv delolw| wr vroyh dq lqirupdwlrq sureohp1 Lq
wklv sdshu zh kdyh irfxvhg rq d frpsohphqwdu| uroh e| dgguhvvlqj wkh iroorzlqj txhvwlrq= Fdq
prqh| lpsuryh zhoiduh lq d grxeoh frlqflghqfh ri uhdo zdqwv hqylurqphqw zkhuh lq hdfk elodwhudo
phhwlqj hdfk djhqw lv d frqvxphu ri wkh rwkhu djhqw*v surgxfwlrqB
Rxu dqvzhu lv srvlwlyh= Li lqglylgxdov kdyh dv|pphwulf suhihuhqfhv iru hdfk rwkhu*v jrrgv/
prqh| jhqhudwhv d vwulfwo| ehwwhu doorfdwlrq ri uhvrxufhv1 Wr vwxg| wklv txhvwlrq/ zh kdyh frqvlg0
huhg d udqgrp0pdwfklqj prgho zlwk glylvleoh prqh| dqg glylvleoh uhdo frpprglwlhv/ zkhuh djhqwv
kdyh wkh fkrlfh wr ￿qdqfh fxuuhqw frqvxpswlrq hlwkhu zlwk prqh|/ uhdo surgxfwlrq/ ru erwk1 Lq
frqwudvw wr suhylrxv vhdufk prghov ri prqh|/ lq rxu hqylurqphqw prqh| qhlwkhu lqfuhdvhv wkh
iuhtxhqf| ri wudghv/ qru grhv lw vroyh dq lqirupdwlrq sureohp1 Udwkhu/ wkh zhoiduh lpsurylqj uroh
ri prqh| olhv rq lwv delolw| wr lpsuryh wkh whupv ri wudgh lq hdfk elodwhudo phhwlqj uhodwlyh wr wkh
whupv ri wudgh dwwdlqhg lq wkh vdph phhwlqjv lq d eduwhu hfrqrp|1
Zh kdyh irxqg wkdw li lq d pdwfk wkh uhdo ydoxh ri prqh| lv vx!flhqwo| odujh/ wkh wudghuv
surgxfh/ frqvxph/ dqg h{fkdqjh vrfldoo| h!flhqw txdqwlwlhv dqg wkh| xvh prqh| wr vsolw wkh
wrwdo vxusoxv ri wkh pdwfk hyhqo|1 Zh kdyh dovr vkrzq wkdw djhqwv surgxfh dqg frqvxph wkh
vdph +vrfldoo| h!flhqw , txdqwlwlhv dqg dwwdlq wkh vdph vxusoxvhv dv li wkh| kdg d ghylfh wr
wudqvihu xwlolw|1 Wkxv/ prqh| lv d ghylfh wr wudqvihu xwlolw|1 Wkh ehqh￿w ri prqh| dulvhv ehfdxvh
lw doorzv djhqwv wr vhsdudwh wkh ghflvlrqv ri krz pxfk wr surgxfh dqg h{fkdqjh dqg krz wr vsolw
wkh uhvxowlqj wrwdo vxusoxv1
Dowkrxjk prqh| lv zhoiduh lpsurylqj/ wkhuh lv dozd|v d iudfwlrq ri phhwlqjv zkhuh wudghuv
surgxfh dqg h{fkdqjh lqh!flhqw txdqwlwlhv1 Lqh!flhqw wudghv rffxu li wkh ghjuhh ri dv|pphwu| lq
d pdwfk phdvxuhg e| vrph glvwdqfh lv odujhu wkdq wkh uhdo txdqwlw| ri prqh| zklfk lv ghfuhdvlqj
lq wkh lq dwlrq udwh1 Frqvhtxhqwo|/ lq dwlrq lv frvwo| lq rxu prgho ehfdxvh lw jhqhudwhv d plvdoor0
fdwlrq ri uhvrxufhv1 D kljkhu h{sdqvlrq ri wkh prqh| vxsso| lqfuhdvhv wkh plvdoorfdwlrq ehfdxvh
lw uhgxfhv wkh vhw ri phhwlqjv zkhuh djhqwv surgxfh dqg h{fkdqjh vrfldoo| h!flhqw txdqwlwlhv1
Zkhq wkh jurvv jurzwk udwh ri wkh prqh| vxsso| dssurdfkhv vrph xsshu0erxqg/ wkh doorfdwlrq ri
uhvrxufhv lq wkh prqhwdu| hfrqrp| frqyhujhv wr wkh +plv,doorfdwlrq ri wkh fruuhvsrqglqj eduwhu
hfrqrp|1 Lq frqwudvw/ zkhq wkh jurvv jurzwk udwh ri wkh prqh| vxsso| dssurdfkhv wkh glvfrxqw
idfwru/ doprvw doo wudghv duh h!flhqw/ l1h1/ wkh Iulhgpdq*v uxoh krogv1
Wkhuh duh vhyhudo zd|v wr h{whqg rxu dqdo|vlv1 Dq lqwhuhvwlqj h{whqvlrq lv wr frqvlghu qrqgh0
jhqhudwh glvwulexwlrqv ri prqh| kroglqjv1 Zlwk d qrqghjhqhudwh glvwulexwlrq ri prqh| kroglqjv/
wkh pdujlqdo ydoxh ri prqh| zloo eh gl￿huhqw dprqj lqglylgxdov dqg wklv frxog d￿hfw wkh uroh ri
prqh| dv d ghylfh wr wudqvihu xwlolw|1 Rqh frxog dovr frqvlghu d gxdo0fxuuhqf| ru d wzr frxqwulhv
dqg wzr prqlhv yhuvlrq ri wkh prgho wr vwxg| wkh ghwhuplqdwlrq ri h{fkdqjh udwhv dqg wr frp0
sduh wkh zhoiduh surshuw| ri wkh prgho uhodwlyh wr wkh rqh fxuuhqf| prgho1 Ilqdoo|/ rqh frxog dgg
vrph vhdufk h{whuqdolwlhv +e| hqgrjhql}lqj wkh vhdufk lqwhqvlw| ri wudghuv iru lqvwdqfh, wr vhh krz
58fkdqjhv lq prqhwdu| srolf| d￿hfw wkhvh h{whuqdolwlhv1
59
D41 Zhoiduh Lq wkh sdshu zh frpsduh wkh rxwfrph ri wkh ghfhqwudol}hg hfrqrp| zlwk wkh
rxwfrph wkdw d sodqqhu zrxog fkrrvh lq rughu wr pd{lpl}h zhoiduh Z1 Wkh vrfldo sodqqhu
wuhdwv doo krxvhkrog v|pphwulfdoo| dqg/ frqvhtxhqwo|/ pd{lpl}hv wkh h{shfwhg olihwlph xwlolw| ri
d uhsuhvhqwdwlyh krxvhkrog Z vxemhfw wr wkh frqvwudlqw wkdw +tK
0>tr













































@4 ;% 5 H
%￿x￿ +tr
0, @4 ;% 5 H1
D51 Surri ri Sursrvlwlrq 41 Wkh ghprqvwudwlrq surfhhgv lq wzr sduwv1
Sduw 4= Ghwhuplqdwlrq ri wkh whupv ri wudgh1
Uhodehoolqj htxdwlrq +8, |lhogv=
%￿x+tr
0￿, ￿ tK















0￿, duh ghwhuplqhg vlpxowdqhrxvo| dqg vdwlvi|
+7,/ +8,/ +57,/ dqg djdlq +7, zkhuh +%￿>% ￿, lv uhsodfhg e| +%￿>% ￿,1 Lq wkh iroorzlqj/ zh frqvlghu wkh
vroxwlrq zkhq ￿ $ 31 Iluvw/ htxdwlrqv +7,/ +8, dqg +57, lpso| wkdw olp{<f tK
0 @ olp{<f tr
0￿ dqg
olp{<ftr
0 @o l p {<ftK















































Glylgh wkh wzr odvw htxdwlrqv/ xvh htxdwlrq +7,/ dqg wdnh wkh olplw ￿ $ 3 wr jhw +:,154
Sduw 5= H{lvwhqfh dqg Xqltxhqhvv1
Htxdwlrq +7, gh￿qhv d qhjdwlyh uhodwlrqvkls ehwzhhq tK
0 dqg tr
01 Ixuwkhupruh/ dffruglqj wr
+7,/ olp^r
0<f tK
0 @. 4 dqg olp^r
0<n" tK
0 @3 1 Htxdwlrq +:, gh￿qhv d srvlwlyh uhodwlrqvkls ehwzhhq
tK
0 dqg tr











duh wkh xqltxh vroxwlrq ri htxdwlrqv +7, dqg +:,1 Dffruglqjo|/ wkh eduwhu
htxloleulxp h{lvwv dqg lv xqltxh1￿
54Iru pruh ghwdlov dqg d uhodwhg ghprqvwudwlrq/ vhh Rveruqh dqg Uxelqvwhlq +4<<3/ Vhfwlrq 7171, dqg Pxwkrr
+4<<<,1
5:D61 Surri ri Fruroodu| 41 Qrwh/ ￿uvw/ wkdw %￿ A% ￿ lpsolhv wkdw tKW
0 At rW
0 1 Dvvxph/ qh{w/
wkdw tK
0 ￿ tKW





































0/ zklfk frqwudglfwv +58,1 Wkxv/ li %￿ A% ￿ zh pxvw
kdyh tK
0 ?t KW
0 dqg e| +7, tr
0 At rW
0 1


























Qrwh/ ￿uvw/ wkdw tK
0 ?t KW








@4 1 Wklv dqg htxdwlrq +59, lpso| wkdw l*v






D71 Surri ri Ohppd 41 E| uhodehoolqj htxdwlrq +53,/ zh jhw=
%￿x+tr
0￿, ￿ tK











Iru dq| ￿ dqg d jlyhq +tK
0￿>tr
0￿>{ 0￿,/ wkh r￿huv +tK
0>tr
0>{ 0, dqg pxowlsolhuv +￿0>￿0, duh ghwhuplqhg
e| htxdwlrqv +47,0+4:,/ dqg +53,1 Pruhryhu/ iru dq| ￿ dqg iru d jlyhq +tK
0>tr
0>{ 0,/ wkh r￿huv
+tK
0￿>tr
0￿>{ 0￿, dqg pxowlsolhuv +￿0￿>￿0￿,/ duh ghwhuplqhg e| htxdwlrq +5:, dqg e| htxdwlrqv +47,0
+4:, zkhuh +%￿>% ￿, lv uhsodfhg e| +%￿>% ￿,1





0￿/d q golp{<f {0 @ olp{<f ￿{0￿1 Pruhryhu/ ￿0 dqg ￿0￿ duh hlwkhu erwk srvlwlyh ru erwk
htxdo wr }hur1 Wr vhh wklv/ vxssrvh d frqwudulr wkdw ￿0 A 3 dqg ￿0￿ @3 1 Iurp +4<,/























0￿ @o l p
{<f
^￿+{0 . {0￿,$‘
Wkh ohiw0kdqg vlgh lv qhjdwlyh1 Khqfh/ wkh uljkw0kdqg vlgh pxvw eh qhjdwlyh wrr/ zklfk lpsolhv
wkdw {0￿ Ap 1 Wklv lv lpsrvvleoh1
Qrwh/ qh{w/ wkdw htxdwlrqv +49, dqg +4:, lpso| wkdw ￿0 dqg ￿0 fdqqrw eh srvlwlyh dw wkh vdph
wlph1 Frqvhtxhqwo|/ wkhuh duh wzr fdvhv=
Fdvh +d,= ￿0 A 3 dqg ￿0 @3ru ￿0 @3dqg ￿0 A 3
5;Ohw xv frqvlghu/ ￿uvw/ ￿0 A 3 dqg ￿0 @3 1 Wklv lpsolhv wkdw wkh frqvwudlqw rq prqh| kroglqjv
ri djhqw l lv elqglqj dqg {0 @ p1 Lw dovr lpsolhv olp{<f {0￿ @ ￿p/ olp{<f￿0￿ @3 /d q g
olp{<f￿0￿ @ /b0



























A 4 A% ￿x￿ +tr
0,/
wkdw lv/ wkh txdqwlw| tK
0 surgxfhg dqg frqvxphg lv lqh!flhqwo| orz dqg wkh txdqwlw| tr
0 surgxfhg
dqg frqvxphg lv lqh!flhqwo| odujh1











































Wdnh wkh olplw dv ￿ $ 3 dqg xvh +4<, wr jhw htxdwlrq +54,1 Li djhqw l lv frqvwudlqhg e| klv prqh|
kroglqj/ kh uhfhlyhv pruh wkdq rqh kdoi ri wkh wrwdo vxusoxv ri wkh pdwfk1 Wr vhh wklv/ frqvlghu
wkh iroorzlqj htxdwlrq/ zklfk lv ghulyhg iurp htxdwlrq +54,=
%￿x+tr
0, ￿ tK











Dffruglqj wr +64,/ djhqw m*v iudfwlrq ri wkh wrwdo vxusoxv ri wkh pdwfk lv hqgrjhqrxv dqg ghshqgv





0 . p$ ? %￿x+tK
0, ￿ tr
0 ￿ p$1
Qh{w/ frqvlghu ￿0 @3dqg ￿0 A 31 Wkh frqvwudlqw rq prqh| kroglqjv ri djhqw m lv elqglqj=
{0 @ ￿p1 Wklv lpsolhv olp{<f{0￿ @ p/ olp{<f￿0￿ @ /Z0


















vdwlv￿hv +4<, dqg +54,1
Fdvh +e,= ￿0 @3dqg ￿0 @3





0 1 Wkh| wudgh h!flhqw txdqwlwlhv1 Htxdwlrqv +53, dqg +5:, lpso| wkdw
li ￿ $ 3/ zh jhw dq htxdwlrq dqdorjrxv wr +63,/ dqg wkhq +55,= Wudghuv vsolw wkh wrwdo vxusoxv ri
wkh pdwfk htxdoo|1￿
D81 Surri ri Sursrvlwlrq 5 Wkh ghprqvwudwlrq surfhhgv lq ￿yh vwhsv1
4vw vwhs = Ghwhuplqdwlrq ri wkh vhw L1
Gh￿qh L￿ ￿ H wkh vhw ri +%￿>% ￿, vxfk wkdw ￿0 A 31 Qrwh wkdw ￿0 A 3 lpsolhv wkdw wkh frqvwudlqw
rq djhqw l￿v prqh| kroglqjv lv elqglqj dqg %￿ A% ￿1 Lw dovr lpsolhv wkdw djhqwv l dqg m h{fkdqjh
5<lqh!flhqw txdqwlwlhv dqg gr qrw vsolw wkh wrwdo vxusoxv ri wkh pdwfk htxdoo|1 Khqfh/ ￿0 A 3 li +55,
lv vdwlv￿hg iru d ydoxh ri {0 Ap 1W k x v /
4 A
%￿x+trW
0 , ￿ tKW
0 .p$
%￿x+tKW
0 , ￿ trW
0 ￿ p$
= +65,












1 Frqvhtxhqwo|/ frqglwlrq +65, fdq eh
uhzulwwhq dv
*+%￿, ￿ *+%￿, A 5p$1 +66,
Frqglwlrq +66, lv htxlydohqw wr G+%￿>% ￿, Ap $ 1
Ghqrwh h % @+ h %￿>h %￿, wkh ydoxh ri % vxfk wkdw +66, lv vdwlv￿hg zlwk htxdolw|=
*+h %￿, ￿ *+h %￿,@5 p$1 +67,
Htxdwlrq +67, lpsolflwo| gh￿qhv d ixqfwlrq I vxfk wkdw h %￿ @ I +h %￿>p$,1 Rqh fdq vkrz wkdw
I￿ +h %￿>p$, @
Yh 0￿
Yh 0￿ A 3 dqg I2 +h %￿>p$, @
Yh 0￿
Y6/ ? 31 Ixuwkhupruh/ iru doo p$ A 3 I +%t￿T>p$, ?
%t￿T dqg wkhuh h{lvwv e %+p$, A 3 vxfk wkdw I +e %>p$, @3+vhh Iljxuh 8,1 Frqvhtxhqwo|/ wkh vhw L￿
lv gh￿qhg dv iroorzv=
L￿ @ i+%￿>% ￿, 5 H m*+%￿, ￿ *+%￿, A 5p$j
@ i+%￿>% ￿, 5 H m%￿ ? I +%￿,j
E| v|pphwu|/ zh fdq gh￿qh wkh vhw L￿￿ ri % vxfk wkdw ￿0 A 31
L￿￿ @
￿
+%￿>% ￿, 5 H
￿ ￿+%￿>% ￿, 5 L￿￿
Wkhq/ L @ L￿ ^ L￿￿1 Vhh Iljxuh 81
Iljxuh 8= Vhw ri lqh!flhqflhv1
635qg vwhs = Wkh phdvxuh ri lqh!flhqw wudghv1
Lq rughu wr phdvxuh wkh vhw ri lqh!flhqw wudghv/ lw lv xvhixo wr lqwurgxfh wkh lqglfdwru ixqfwlrq
4￿+{, zklfk lv htxdo wr rqh li { 5 D dqg 3 rwkhuzlvh1 Ixuwkhupruh/ ehfdxvh ri wkh v|pphwu| ri
wkh vhwv L￿ dqg L￿￿ zh kdyh ￿+L,@5 ￿+L￿,1



















f gI+%￿, lv htxdo wr I ^I +%￿>p$,‘ iru







I ^I +%￿>p$,‘ gI+%￿,






i ^I +%￿>p$,‘ ￿I 2 +%￿>p$, gI+%￿, ￿ I ^I +e %>p$,‘
Ce %
Cp$






i ^I +%￿>p$,‘ ￿I 2 +%￿>p$, gI+%￿, ? 3
Frqvhtxhqwo|/ wkh vhw ri lqh!flhqflhv zklfk lv phdvxuhg e| ￿+L, @5 ￿+L￿, lv lqfuhdvlqj lq p$1
6ug vwhs= Ghwhuplqdwlrq ri p$1








E| glylglqj e| /



















0c3￿ iru doo %1 Dv lw zloo ghprqvwudwhg lq wkh iroorzlqj/ tK
0
dqg tr













Iurp +5;, dqg +5<,/ lw fdq eh yhul￿hg wkdw tK
0 lv ghfuhdvlqj lq b0
/ zkhuhdv tr
0 lv lqfuhdvlqj zlwk
b0
/ 1Z k h q￿0 A 3 %￿x￿+tK
0, A 4 dqg %￿x￿+tr
0, ? 41 Khqfh/ OKV ri +64, lv lqfuhdvlqj lq b0
/ zkhuhdv
UKV ri +64, lv ghfuhdvlqj lq b0















Htxdwlrq +64, lpsolflwo| gh￿qhv d ixqfwlrq #+%>p$,@￿0@$ iru doo % 5 L￿ zlwk
Y￿
Y6/ ? 31














U￿ #+%>p$,g￿+%￿>% ￿,1 E| gl￿huhqwldwlqj +6;, zlwk uhvshfw wr p$/z h￿ q g￿￿ ? 3
dv orqj dv ￿+L￿, A 31 Wklv lpsolhv wkdw li wkhuh lv d p$ A 3 vdwlvi|lqj +6;, vxfk wkdw ￿+L￿, A 3
wkhq lw lv xqltxh1
7wk vwhs = H{lvwhqfh ri d xqltxh prqhwdu| htxloleulxp1
Iru h{lvwhqfh dqg xqltxhqhvv zh qhhg wr vkrz wkdw wkhuh lv xqltxh {A3 vdwlvi|lqj ￿+{, @
￿
q ￿41 Wr gr wklv zh vwxg| wkh surshuwlhv ri ￿+{,1 Ohw xv ￿uvw ghulyh ￿+3,1L ip$ @3 / htxdwlrqv
+47, dqg +64, duh htxlydohqw wr +59, dqg tr
0 @ e tr
0 dqg tK
0 @ e tK
0 zkhuh e tr
0 dqg e tK
0 duh wkh txdqwlwlhv


















￿ 4g￿+%￿>% ￿, A 3
Vhfrqg/ wkhuh lv d fulwlfdo ydoxh {A3 vxfk wkdw iru doo { ￿ {/ ￿+{, @3dqg iru doo {?{/
￿+{, A 31 Wr vhh wklv/ qrwh wkdw htxdwlrq +65, lpsolhv wkdw L￿ @ > zkhq p$ lv odujh hqrxjk1
Ilqdoo|/ iurp vwhs 6 ￿￿ +{, ? 3 li {?{1
Zh frqfoxgh wkdw htxdwlrq +6;, ghwhuplqhv d xqltxh srvlwlyh ydoxh ri p$ li ￿ 5 +￿>￿, zkhuh
￿ @ ￿ i￿+3, .4 j1
8wk vwhs = Wkh olplw fdvh ￿ $ ￿1








Wklv lpsolhv wkdw olp
￿<q
￿+L￿,@3 = lq wkh olplw wudghuv h{fkdqjh h!flhqw txdqwlwlhv lq doo pdwfkhv1￿
D91 Ghulydwlrq ri Sduhwr iurqwlhu ri wkh edujdlqlqj vhw Vxusoxvhv ri djhqwv l dqg m duh=
V￿ @ %￿x+tK
0, ￿ tr
0 ￿ {0$> +6<,
V￿ @ %￿x+tr
0, ￿ tK
0 . {0$ +73,
Wkh Sduhwr iurqwlhu ri wkh edujdlqlqj vhw lv wkh vhw ri sdluv +V￿>V ￿, vxfk wkdw lw lv qrw srvvleoh wr
lqfuhdvh V￿ zlwkrxw ghfuhdvlqj V￿1L qde d u w h uh f r q r p |$ @3zkhuhdv lq d prqhwdu| hfrqrp|










0 . {0$ ￿ V￿ dqg ￿p ￿ {0 ￿ p
Ghqrwh ￿0/ ￿0/d q g￿0 wkh pxowlsolhuv dvvrfldwhg zlwk wkh ￿uvw/ vhfrqg/ dqg wklug lqhtxdolw|/
uhvshfwlyho|1
￿ Wkh Sduhwr iurqwlhu lq wkh eduwhu hfrqrp|























Htxdwlrqv +6<,/ +73,/ dqg +76, gh￿qh d qhjdwlyh uhodwlrqvkls ehwzhhq V￿ dqg V￿/ zklfk lv wkh





0￿ ? 31 Pruhryhu/ ehfdxvh V￿ lv dq lqfuhdvlqj ixqfwlrq ri tK





￿ Wkh Sduhwr iurqwlhu lq wkh prqhwdu| hfrqrp|








0 . {0$ ￿ V￿
l
￿ ￿0 +{0 ￿ p,.￿0 +{0 . p,
Wkh ￿uvw rughu frqglwlrqv zlwk uhvshfw wr tK
0/ tr








$+￿0 ￿ 4, @ ￿0 ￿ ￿0 +79,




Wkhuh duh wkuhh fdvhv wr glvwlqjxlvk= +l, ￿0 @ ￿0 @3 / +ll, ￿0 A 3 dqg ￿0 @3 / dqg +lll, ￿0 @3dqg
￿0 A 3
Fdvh +l,= ￿0 @ ￿0 @3
Wkh frqvwudlqw rq prqh| kroglqjv ri erwk sod|huv duh qrw elqglqj1 Wkhq/ iurp +79, zh kdyh




0 1 Dv d frqvhtxhqfh/ dffruglqj wr +6<, dqg +73,=
V￿ @ VW
￿ ￿ {0$/ V￿ @ VW
￿ . {0$/d q gV￿ . V￿ @ VW1
Zkhq wkh frqvwudlqwv rq prqh| kroglqjv duh qrw elqglqjv wkh srlqwv ri wkh Sduhwr iurqwlhu olh rq
wkh VWVW olqh1 Pruhryhu/ wkh frqvwudlqw ￿p ￿ {0 ￿ p fdq eh uhzulwwhq dv iroorzv=
￿p$ . VW
￿ ￿ V￿ ￿ p$ . VW
￿
Fdvh +ll, = ￿0 A 3 dqg ￿0 @3
Zh kdyh {0 @ p dqg/ iurp +79,/ ￿0 @4.b0
/ 1 Khqfh/ rqh fdq vhh wkdw +77, dqg +78, duh
h{dfwo| wkh ￿uvw rughu frqglwlrqv ri wkh surjudp ri wkh krxvhkrog1 Ixuwkhupruh/ +6<, dqg +73,
|lhog=
V￿ . p$ @ %￿x+tK
0, ￿ tr
0>
V￿ ￿ p$ @ %￿x+tr
0, ￿ tK
0





0 1 Dv d frqvhtxhqfh/ V￿ . p$ ? VW
￿ 1
Fdvh +lll, = ￿0 @3dqg ￿0 A 3=
Wkh uhdvrqlqj lv vlplodu wr fdvh +ll,1 Zh kdyh {0 @ ￿p dqg +V￿ ￿ p$>V￿ . p$, 5S ￿1 Wklv
rffxuv zkhq V￿ ￿ p$ A VW
￿ 1
67Olwhudwxuh
Ehuhqwvhq/ Dohnvdqghu1 Prqh| Lqyhqwrulhv lq Vhdufk Htxloleulxp1 Mrxuqdo ri Prqh|/ Fuhglw/ dqg
Edqnlqj 65 +5333,/ 49;04:;1
Ehuhqwvhq/ Dohnvdqghu dqg Jxloodxph Urfkhwhdx1 Rq wkh H!flhqf| ri Prqhwdu| H{fkdqjh= Zk|
Glylvlelolw| ri Prqh| Pdwwhuv1 Plphr +5333,1
+Dydlodeoh dw kwws=22zzz1khf1xqlo1fk2ghsduw2ghhs2fdklhuv2fdk0olvw1kwp,
Hqjlqhhu/ Phuzdq dqg Vkrx|rqj Vkl1 Dv|pphwu|/ Lpshuihfwo| Wudqvihudeoh Xwlolw|/ dqg wkh Uroh
ri Ildw Prqh| lq Lpsurylqj Whupv ri Wudgh1 Mrxuqdo ri Prqhwdu| Hfrqrplfv 74 +4<<;,/ 48604;61
￿￿1 Edujdlqv/ Eduwhu/ dqg Prqh|1 Uhylhz ri Hfrqrplf G|qdplfv +5333/ iruwkfrplqj,1
Nl|rwdnl/ Qrexklur dqg Udqgdoo Zuljkw1 Rq Prqh| dv d Phglxp ri H{fkdqjh1 Mrxuqdo ri
Srolwlfdo Hfrqrp| <: +4<;<,/ <5:0<871
￿￿1 D Frqwulexwlrq wr wkh Sxuh Wkhru| ri Prqh|1 Mrxuqdo ri Hfrqrplf Wkhru| 86 +4<<4,/
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